TeV Scale Strings and Scatterin 
Amplitudes at the LHC 

M.Sc Thesis 
by Dean Carmi 

Advisor: Prof. Jacob Sonnenschein 

Tel- Aviv University 
Israel 

July 2011 



carmidea@post.tau.ac.il 



With love to Shuli and Yoash Carmi. 



Acknowledgement s : 

I am very grateful to Prof. Jacob Sonnenschein for suggesting the topic of this work, for 
his advice, and for giving me the freedom to make progress in a direction of my choice. 



1 



Contents 



1 Abstract [5] 

2 Content of thesis [B] 

3 Introduction [S] 

3.1 Higher spins, compositeness, and duality M 

3.2 Large extra dimensions [13] 

3.3 Brane world and the string scale [H] 

3.4 Intersecting D-brane models [TS] 

3.4.1 Generalities M 

3.4.2 4 stack D-brane models |20] 

4 Review of amplitude calculations |25] 

4.1 Field theory [25] 

4.1.1 n gluons [23 

4.1.2 n gluons + 2 quarks [29] 

4.2 String theory [30] 

4.2.1 Generalities M 

4.2.2 Tachyon amplitudes [31] 

4.2.3 Quark-gluon amplitudes [33 

4.2.4 Discussion M 

5 4-point amplitudes [31] 

5.1 Field theory \M 

5.1.1 The squared amplitudes [12] 

5.2 String theory [IS] 

5.2.1 The Veneziano amplitude [15] 

5.2.2 The squared amplitudes [19] 

5.2.3 The softened squared amplitudes [52] 

5.2.4 Low energy limit [SU] 

5.3 Collider phenomenology [5H] 

5.3.1 Constraints from the LHC [60] 



2 



6 Decay widths |6T] 

6.1 Setting the stage |6T] 

6.1.1 The Breit-Wigner form ED 

6.1.2 Amplitudes in terms of the d-functions [62] 

6.1.3 Decay widths [63] 

6.2 Calculations of decay widths [M] 

6.2.1 Amplitudes in terms of the ci-functions [HS] 

6.2.2 Plan for extracting the F's [67] 

6.2.3 Extracting the F's M 

6.2.4 Decay widths of the excited gluons [69] 

6.2.5 Decay widths of the excited quarks [72] 

6.3 Calculation of the coefficients C^''^; [73] 

6.3.1 Approach 1 [73] 

6.3.2 Approach 2 [75] 

6.3.3 Approach 3 [77] 

6.3.4 Approach 4 [7S] 

7 5-point amplitudes 1801 

7.1 Kinematics and definitions [ED] 

7.2 Field theory [82] 

7.2.1 The squared amplitudes [83] 

7.3 String theory [HH] 

7.3.1 Generalization of the Veneziano amplitude [HS 

7.3.2 Squaring the amplitudes [HS 

7.3.3 The squared amplitudes [89] 

7.3.4 Low energy limit [HI] 

8 Higher point amplitudes [92] 

8.1 6 gluons M 

8.1.1 Squaring the amplitude [95] 

8.2 n gluons: low energy expansion [96] 

9 Direct production of Regge states [98] 
9.1 The squared amplitudes [98] 



3 



10 Summary ITMl 



A 4-point helicity amplitudes 11031 

A.l Mig,g,g,g) [103] 

A.2 Mig,g,q,q) HDS] 

A.3 Mig,g,q,B) [107] 



B Calculation of M.{ggqq)'- a detailed example 1109 



C Vertex operators 11131 

C.l Massles particles 11131 

C.2 First excited state 11141 

C.2.1 Bosons of tlie NS sector [TTl 

C.2. 2 Fermions of the R sector 11151 



D Correlation functions 11161 

D.l An example calculation 11161 

D.2 List of some correlation functions 11171 



E Helicity notation 1119 



F Color factors [T22 



G Collider phenomenology 1125 



H Mathematical functions 11291 

H.l Gamma function and Pochammer symbol 11291 

H.2 Beta function IT^ 

H.3 Stirling numbers 11311 

H.4 Hypergeometric functions 11331 

H.5 Jacobi polynomials 11341 



I Wigner d-functions 1136 

1.1 Review 11361 

1.2 (i-f unctions and Jacobi polynomials 11381 

1.3 Tables EM 



4 



J Tables of the coefficients C"^'^, 11431 
References 11491 



1 Abstract 

We study aspects of TeV string scale models of intersecting D-branes. The gauge bosons arise 
from strings ending on stacks of D-branes, whereas chiral matter arises from strings stretched 
between intersecting D-branes. Our focus is on scattering amplitudes (at tree- level), Regge 
states (string excitations), and collider phenomenology. 

Achieving a low string scale is possible in models of Large extra dimensions. At the LHC, 
a low enough string scale implies that cross sections will deviate from their standard model 
predictions. Moreover, Regge states as well as Kaluza-Klein states and winding states may 
be produced. 

In a large class of intersecting D-brane models, the quark-gluon amplitudes with at most 

2 quarks turn out to be independent of the geometry of the extra dimensions. Therefore 
these type of amplitudes, which we call universal amplitudes, are model independent. The 
universal amplitudes involve exchanges of Regge states only, whereas amplitudes with more 
then 2 quarks also involve exchanges of KK and winding states. 

The main computational part of this thesis is concerned with suggesting methods to cal- 
culate the decay widths of the Regge states, and with the formalism for treating amplitudes 
containing exchanges of higher spin particles. Also included is a large review part. 



5 



2 Content of thesis 



Section [3] is an introduction to the framework and to some of the concepts which arise in 
this work. 

Section [4] is a review of methods to calculate tree level amplitudes in field theory and 
string theory. Section[4rT]reviews tree level field theory quark-gluon amplitude calculations via 



the color decomposition and helicity techniques. Section 4. 2| reviews lowest order amplitude 
calculations in string theory. Quark-gluon amplitudes in string theory are introduced. The 
important concept of universal amplitudes is discussed. Also discussed is the property of the 
equal form factors of the two classes of universal amplitudes. 

Section [5] then focuses on the lowest order scattering amplitudes at the LHC: the 4-point 
amplitudes. Section 5.1 presents the squared amplitudes in field theory (QCD+EW). Section 



5.2 starts with a presentation of the Veneziano amplitude, then the string theory squared 



amplitudes are presented, and collider phenomenology and LHC constraints discussed. 

Section |6] presents a procedure for calculating the decay widths of the exchanged Regge 
excitations of the gluon and quarks. 

Section [7] is basically a review of the 5-point squared amplitudes. Section [7^ presents the 
squared amplitudes in field theory (QCD+EW). Section 7.3 presents the squared amplitudes 
in string theory. 

Section [8] discusses the generalization to higher point string theory amplitudes. 
Section |9] is basically a review of the 4-point squared amphtudes for direct production of 
the first excited {n = 1) Regge states. 

is a summary. 



Section 10 



Appendices: 

Appendix |A] is important in that it gives the 4-point amplitudes which are used in the 
calculation of the decay widths of section |6} 

Appendix [B] gives the Ai (ggqq) amplitude as an example of a full calculation of a 4-point 
amplitude of the type that appear in Appendix |A} 

Appendices [C] and [D] list vertex operators and correlation functions which are used in the 
calculation of the string amplitudes. 

Appendix [E] introduces the helicity formalism used in section |4] and throughout this work. 

Appendix [F] lists formulas related to the color part of the amplitudes. 

Appendix [G] is a short introduction to hadron collider phenomenology. 

Appendix [H] reviews the mathematical functions used in this work. 
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Appendix [T] deals with the Wigner (i-functions which are used often in this work. 
Appendix [J] contains tables of C coefficients which are calculated via approach 1 of section 

mm 

The parts which are either original or at least partly original. 



In section 5.2.2, the squared amplitudes from [T] are expanded as a sum of s-channel 
poles. This exhibits some of the properties of these squared amplitudes, e.g the vanishing 
of n = even poles for some of the amplitudes. 



In section 5.2.3| the Breit- Wigner form of the squared amplitudes for exchanges of Regge 
states with arbitrary {n, J) is given. 



In section 5.2.4 the low energy limit of the string squared amplitudes is taken: the first 
stringy correction to the standard model squared amplitudes is obtained. 

Section [6] contains many of the calculations of this work. The procedure for calculating 



the decay widths of the exchanged Regge states is given in sections 6A_ 6^ This is 
done for arbitrary quantum numbers n and J, and generalizes the treatment done in 
[7|, [in] for n = 1,2. The procedure gives formulas for the decay widths in terms of 
the unknown C^'"^/ coefficients. Then section 6.3 introduces a number of approaches to 
calculate these C's. 



In section |8.1.1| a partial treatment of the squaring of the color factor of the 6-point 
gluon amplitude is presented. 

Appendix |A] gives the 4-point string amplitudes expanded near a pole. This form is 
used for extracting the properties of the exchanged Regge states, in particular the decay 
widths. 

Appendix |l] (together with section|6]) deals with the Wigner ci-functions and their relation 
to higher spin scattering amplitudes. Also some d's are calculated and used for the 



calculation of C"''!,; coefficients in the tables of Appendix 



Appendix [j] contains tables of the calculated C^''^/ coefficients. 
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3 Introduction 



The LHC has collected about 5 fb~^ of data, and there are first hints of a Higgs boson. So far 
there aren't any significant deviations from the standard model. Expectations of discovering 
new physics in the next year(s) are still very high. 

The scenario with which this work deals with, while probably not the most likely scenario, 
is certainly very interesting. If it is correct, some of the the following astonishing phenomena 
can be reality: 

• String theory at the LHC. 

• Discovery of higher spin particles: Regge states. 

• Quantum gravity at the LHC. 

• Extra dimensions, KK gravitons. Black holes. Hawking radiation.. 

So these scenarios are extremely interesting. 

We will concentrate on issues related to string theory in the open sector, and less on 
gravity and extra dimensions. In particular, we will focus on scattering amplitudes in string 
theory with regards to their collider phenomenology. 

String theory is a high energy completion of the standard model. It is both a quantum 
gravity theory and a unification theory. At low energies, the spectrum and interactions of 
string theory must reduce to the standard model. Indeed we will see that the standard 
model matter and gauge fields can arise as ground states of the open string. String scattering 
amplitudes in the low energy limit must equal those of the standard model. The string scale, 
quite generally, is the scale at which stringy phenomena start to appear. Near this scale, 
scattering amplitudes begin to deviate from the standard model ones. 

We will see that there are classes of string amplitudes which are model independent (for a 
large class of intersecting D-brane models.): they are completely independent of the geometry 
of the extra dimensions. These amplitudes are the n-gluon amplitude, and the n-gluon plus 
two quark amplitudes. From now on we shall call these two types: universal amplitudes. Thus 
by measuring these amplitudes one can discern string theory regardless of compactification 
and landscape issues. These universal amplitudes are purely stringy since they contain only 
exchanges of Regge states (string excitations) and not KK states (caused by the presence of 
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extra dimensions) or winding states (strings or branes wound around the extra dimensions.). 
Quark-gluon amplitudes with four or more quarks are non-universal since they are dependent 
on the compactification and can contain exchanges of KK and winding states. 

In open string theory the analogues of tree amplitudes are called disk amplitudes. Roughly 
speaking, when calculating for example the 4 gluon disk amplitude, one obtains the field theory 
tree result multiplied by a Veneziano amplitude. The Veneziano amplitude Vt is basically a 



beta function of the Mandelstam variables (see section 5.2.1). Vt goes to 1 in the low energy 
limit, causing the string amplitudes to match the field theory amplitudes at that limit. When 
the scattering energy approaches the string scale, Vt deviates from 1 and stringy effects become 
noticeable. The Veneziano amplitude has an infinite number of poles at a constant interval 
of Eqj^. This gives rise to an infinite tower of resonances called Regge states. The Regge 
states are excitations of the string. At colliders, these resonances can be discovered directly 
as peaks in the cross section at equal intervals of the energy squared. The standard model 
matter and gauge fields occupy the ground state of the string, and each one of them has an 
infinite tower of Regge excitations. 

Regardless of if string theory describes nature, there is no doubt that string amplitude 
techniques have been extremely fruitful to the understanding and calculation of field theory 
amplitudes. To name some of the techniques studied over the years: The KLT [87] and BCFW 
[891 190] relations, the works of Bern-Kosower-Dixon, and AdS/CFT techniques [91 j. 

Usually, the string scale and the quantum gravity scale are assumed to be at around the 
Planck scale (~ 10^^ GeV). In this case it is very difficult to discern stringy effects at present 
collider energies. In the mid nineteen-nineties, studies on D-branes, Large extra dimensions, 
and related issues, made it possible to consider string and gravity scales even as low as a 
TeV in type I or II string theory. This makes it possible to observe the wonderful phenomena 
discussed before, in the near future. 

The types of models to be considered are intersecting D-brane models of type II orientifolds 
with Large extra dimensions. These models can realize the standard model gauge group and 
matter fields. 

3.1 Higher spins, compositeness, and duality 

References: 



The standard model (plus gravity) contains particles of spin 1/2, spin 1, spin 0, and spin 
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2. These are the quarks and leptons, gauge bosons, Higgs boson, and graviton, respectively. 
The last two are yet to be discovered. Hypothesized extensions of the standard model have 
additional particles. A spin axion is added to solve the strong CP problem. Supersymmetry 
has SUSY partners of spin 1/2 and spin 0. Supergravity has a spin 3/2 partner to the graviton 
(the gravitino). Extra dimensional theories have (in the simplest case) KK gravitons of spin 
2 and possibly a spin radion. 

The point is, that all these particles have spin J < 2. No consistent theory is known for 
a finite number of interacting particles with spin larger then 2. From Eq. (3.2) we see that 
tree level amplitudes for spins J > 1 will diverge at high energies, and this creates problems 
with unitarity. 

That being said, composite higher spin particles are abundant. This is because composite 
particles have orbital angular momentum, which is unbounded and also discrete because of 
quantum mechanics. For example the electron in a hydrogen atom is electromagnetically 
bound to the proton. At a given energy state E = the orbital angular momentum has 
the possible values / = 0, 1, . . . , n — 1 At the center of atoms there is the nucleus, which is a 
composite system of nucleons bound by the strong force. The nucleon in turn, and hadrons in 
general, are composite quark systems bound by the strong force. Not only do quarks tend to 
form composite systems (as electrons and protons do), but they must. Quarks (and gluons) 
are confined inside the hadrons, and were never observed as free particles. Quarks (and 
leptons) are point particles as far as experiments can tell, though there has been theoretical 
work done on quark compositeness. Another hypothesized theory based on confinement is 
technicolor, in which confinement generates the electroweak scale. 

Returning to hadrons, in the 1950's and 1960's a multitude of them, with increasingly 
higher masses and spins, were discovered at accelerators. It seemed as if more and more 
particles will be discovered as the energy will increase. Theorists struggled making sense of 
the results. Quantum field theory, which was so succesfull at explaining electrodynamics, 
appeared not very useful for explaining the dynamics of these particles. First, a way of 
dealing with high spin particles was unknown (largely true till this day. String theory is 
an exception). Second, Putting by hand a large number of different fields in a lagrangian 
seems awkward. Third, the particles are strongly interacting and QFT calculations were 
very difficullj^ These difficulties stimulated different approaches based on an S-matrix or a 



^Likewise, we will see later that the Veneziano amplitude has a similar relation between I and n. The 
difference will be that E cx y/n. 

^We now know that the correct explanation is a non-abelian gauge theory of spin 1/2 quarks and spin 1 
gluons, called QCD. There are 6 types of quarks, and they are the fields which enter the lagrangian. The 
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Figure 1: Field theory. Sum of s and t-channels. 



scattering ampltude, instead of a lagrangian as the starting point. Many of these models, 
being of phenomenological nature, tried directly to take into account various properties of 
the measured scattering amplitudes: correct high/low energy behavior, crossing symmetry, 
duality, Regge trajectories etc. 

In 1968 Veneziano attempted a model of meson scattering. He introduced an ansatz for the 
amplitude, now called the Veneziano amplitude. This model predicted an infinite number of 
higher spin states: Regge states. The string scale was assumed at the GeV scale for the Regge 
states to be identified with the discovered mesons. A few years later it was realized that 
the Veneziano amplitude can be derived from a more fundamental theory: a strange type 
of field theory in which there are 1-dimensional objects (strings) instead of 0-dimensional 
particles. Meanwhile two things were realized: the Veneziano model was not very successful 
in explaining hadrons and the strong force, and a gauge theory named QCD emerged as the 
correct theory. Soon enough though, string theory was revived as a quantum theory of gravity, 
and the estimate of the string scale naturally jumped 20 orders of magnitude to Planck scale 
territory. With the string scale being so high, research on phenomenology of Regge states 
became sparse. 

We now discuss the DHS duality [Snj also known as worldsheet duality. Consider a field 
theory with two types of particles and a. If a is a scalar (spin 0), then an interaction may 
be of the form (j)*(f)a. If a is of spin J type, then it will have J indices and the interaction must 
be (jfd^^d^^ . . . d^jCj) ■ cr^i---^J. The lowest order scattering of (p particles has (inequivalent) s 
and t-channel exchanges. Fig. [TJ A scalar a gives the following t-channel amplitude 



hadrons are composed of quarks. In experiments we never see quarks since a strong force bounds them together 
inside hadrons. The dynamics of hadrons is compUcated, just hke the dynamics of atoms is comphcated. 
Hadrons are numerous because of the different possible combinations of quarks, and because of the existence 
of excited states. 



A{s,t) 
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Figure 2: String theory. Left: string diagrams and duality. Right: DHS duahty between s 
and t-channel particle exchanges. 

The exchange of a spin J particle gives 2 J momenta coming from the derivatives in the 
interaction vertex. The t-channel amplitude is 
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t — m? 



(3.2) 



If we have exchange of particles with different masses and spins, then 
Likewise, the s-channel amplitude is 



t — m 



(3.3) 



J 



(3,4) 



Duality is the hypothesis that the s and t-channel amplitudes are equal (Fig. [2]). This 
may be done by cleverly choosing the gj^s and m/s, and was achieved by Veneziano in 196^ 



Notice that this is only possible if the sum is infinite since if it was finite, Eq. (3.4) would be 



an analytic function in the complex t-plane meaning that there are no t-channel poles, and it 



couldn't possibly equal Eq. (3.3). 



An infinite sum also has consequences on the high energy behavior of the amplitude. 
With a finite number of particles, the high energy behavior is determined by the highest spin 
particle. On the other hand, an infinite sum can make the high energy behavior much better, 
just like the function = Yl'^=o{~^)"' /^^- a much better high energy behavior then any 
of it's individual terms. Indeed, we will see that Veneziano amplitude can be written as in 



Eq. (3.4), and that at high energies it is exponentially suppressed. This is at the heart of 



string theory's ultra soft UV behavior. 



■^Looking at the Veneziano amplitude Eq. (5.29) we see that it can be written as Vu — J2n 



9.1, 



A-ty' 
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3.2 Large extra dimensions 

References: pQ |21 E21 E3] , see also [301 ED- 



The main motivation for the LED scenario is that it offers a solution to the hierarchy 
problem. The hierarchy problem is the unnaturalness of the large energy gap between the 
Planck scale {Mpianck = G^^/"^ ~ 10^^ GeV) and the electroweak scale {Mew ~ 10^ GeV). 

Extra dimensions are postulated and the D-dimensional quantum gravity scale is assumed 
to be low near the EW scale {Md ~ 1 TeV). So between these two scales there is no 
hierarchy. The effective 4 dimensional gravity scale is determined after compactifying the 
extra dimensions. The large hierarchy between the 4-d QG scale and the EW scale is explained 
by assuming that the compactification volume Vg, and hence some of the extra dimensions, are 
large. In this scenario gravity is allowed to move in the extra dimensions, and this "leakage" 
of gravity causes it's weakness from the point of view of a 4d observer. 

In the basic scenario, one assumes the existence of 6 extra spatial dimensions so that space- 
time now has D = 6 + 4 dimensions. Only gravity may propagate in the extra dimensions 
while the standard model fields are restricted to regular 3d space. The extra dimensions must 
be of finite extent (compactified) in order to have been avoided in experiments which test 
Newton's gravitational force law. 

The effective 4d gravity scale Mpianck is related to Mp) by Gauss's law: 

M'pianck = Vs Ml^' (3.5) 

We see that needs to be large, meaning that some of the extra dimensions ought to be 
large. 

We now discuss KK particles. If there exists extra dimensions of finite extent and gravity is 
allowed to propagate in them, there will be new particles. This is completely analogous to the 
text book problem of a particle in a box which will have it's momentum quantized. Similarly, 
the graviton will have its momentum quantized in the direction of the extra dimensions. The 
energy-momentum relation for a massless graviton in a space with one extra dimension is : 

= pI+pI+pI+pId = pI+pI+pI + ^ (3-6) 

Where R is the size of the extra dimension and n is an integer. 

This shows that to an observer in 4-d, the quantized graviton momenta effectively appear 
as an infinite tower of new particles {KK gravitons) with the same quantum numbers as 
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the graviton. These spin 2 resonance^ couple gravitationally with equal strength to all the 
standard model particles, and are evenly spaced in their mass: 

rriKK = ^ (3.7) 

In the large extra dimension scenario the spacing in mass of the KK states is small (Pos- 
sibly 10^'^ eV). Regarding collider signals, it turns out that this spacing is smaller then the 
resolution of the detectors, so that a continuum signal is expected as opposed to resonance 
peaks. The two most important processes are virtual exchange and direct production of KK 
gravitons (These are also the two most important processes for Regge states, as will be dis- 
cussed). Table [T] lists a few of these processes at hadron colliders. The signal for virtual 
exchange will be a smooth deviation from the standard model cross sections. In direct pro- 
duction, (at least) one of the final state particles is a KK graviton which is not detected since 
it is gravitationally interacting. Thus the signal is missing energy. 



Direct production 


Virtual exchange 


99 9G 


99 -> QQ 


qq gG 


99 11 


qq — > 


QQ ~^ q'q' 


qg qG 


QQ^ll 



Table 1: Examples of direct production and virtual exchange of KK gravitons G. 

One thing is very clear: The possibility of having quantum gravity effects at LHC energies 
is exciting. 

3.3 Brane world and the string scale 

References: [HH [Tl 1271 [MITIH] . 

Extra dimensions necessarily arise in string theory in order to get a consistent and realistic 
theory. Cancellation of the conformal anomaly requires the spactime dimension to be equal 
to the critical dimension. In bosonic string theory the critical dimension is D = 26 {6 = 22), 
and in superstring theory it is D = 10 (6 = 6). 

*More generally, every particle which is allowed to move in the extra dimensions will have a corresponding 
tower of states. 
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In string theory there is an additional scale called the string scale Ms, which quite generally 
is the energy at which stringy phenomena start to appear. The string scale is related to the 
Regge slope, string length, and string tension through = ^ = ^ = SttT. This parameter 
enters the string action as: 

S = J (fa^^h'^Pdo^X^'dpX^ (3.8) 

In the conformal gauge h^p = rja^e'^, and the action becomes that of D free scalar fields: 

S = j rfV9„X^9"X^ (3.9) 

Where rjap is the flat metric. 
The equation of motion is: 

and the constraint equations -^^^ = are: 



(3.10) 



Tio = Toi = X-X' = 
Too = Tn = ^{X^ + X'^) = (3.11) 



The energy and angular momentum are: 



- T I (3.12) 







dr 



/ dX"" X^' 
jf^- = T I daix''- X'^— ) (3.13) 







dr dr 



As an example, we can now use this information to show (classically) that a' is the Regge 
slope for the open string. The Regge slope is defined as the maximum angular momentum 
per energy squared. This is satisfied by a spinning string with a stationary center of mass. 
The spinning string is described by: 

X = y4 COST cos 0" , y = Asinrcoscr , t = At (3-14) 



Which can easily be shown to satisfy Eqs. (3.10), (3.11 ). Plugging this solution in Eqs. (3.12), 
(3.13) gives: 

E = = IT AT (3.15) 
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= itA'^T/2 (3.16) 

So that, 

JJE"^ = l/(27rT) = a (3.17) 

Note that we will obtain this same result Jmax < o.' E'^ + constant, from the poles of the 
Veneziano amplitude. 

We now discuss the brane- world scenario. Following [1], we consider type II superstring 
theory in D = 10 space-time with the Dp-branes wrapped around p-3-cycles. The remaining 
3 dimensions being the regular three dimensional space. The 6 internal (compactified) di- 
mensions are decomposed into d\\ = p — 3 directions parallel to the Dp-brane, and d_i_ = 9 — p 
directions transverse to the Dp-brane. We denote the transverse and parallel radii as Rj- and 
i?| respectively. The total internal volume is: 

Ve = (2vr)« fji?!! f^i?^ (3.18) 

i=i j=i 

The relation between the Planck scale and the string scale is given b; 

Mhanck = Ml V, (3.19) 

Where Qs = e'^^° is the string coupling and 0io the dilaton field. We can have Mg ~ TeV and 
Vq ~ 10^^, or Ms ~ Mpianck and Ve ~ 1, or any intermediate case. We consider the first case 
in which the string scale is accessible at present colliders. 



From Eqs. (3.5) and (3.19): 



,(2^) 

These two scales are tied together and Mg ~ Mp, ~ TeV 



1/8 

Md = ( ) g:'^'Ms (3.20) 



^Compare this with the heterotic string in which Ms = gs^pUmck- Since there is no dependence on the 
compactification vohime, the string scale cannot be lowered by enlarging the volume. This difference between 
the type I or II strings and the heterotic string can be traced back to the fact that the type I or II gauge 
fields arise from open strings whereas in the heterotic theory both the gauge and gravity fields arise from 
closed strings. These relations for Mpianck are obtained by considering the d — 4 low energy effective string 
action and comparing it to the Einstein-Hilbert action. Similarly, the relation for the gauge coupling constant 



Eq. (3.21 ) is obtained by comparing the gauge part of the effective action to the Yang-Mills action. 



16 



The gauge fields are confined to the Dp-brane and are free to propagate in the d\\ directions. 
Since colliders measure the gauge interactions, they constrain to be smaller than about a 
TeV. The gauge couphngs will depend on the radii of parallel directions according to: 



9-nl = ^9;' Mr rii?l' 

1=1 



Combining Eqs. (3.19), (3.18) and (3.21) gives: 



(3.21) 



(3.22) 



For p < 7 we see that enlarging Rf, decreases Mg {Mpianck is constant). 
We can give a rough estimate of R-^ as follows: We assume that all of the Rf are equal, and 
that all of the R^j are separately equal. Eqs. (3.19) and (3.18) give: 



Mpianck 



8g:'M! {R^Y^ 



(3.23) 



Further assuming i?" ^ = 1 TeV ^ and gs = 1/25, we get the estimates in Table [2] 





d± = 1 


d± = 2 


d± = 3 


d± = 4: 


d± = 5 


d± = Q 


R^[GeV-^] 


1.6 • 10^6 


4- 10^1 


5.4 ■ 10^ 


2 ■ 10^ 


693 


74 


R^[m] 


1.6 ■ 10" 


4- 10-^ 


5.4 ■ 10-9 


2 ■ 10-11 


7-10-13 


7. 10-14 


EnlMeV] 


7.7 • 10-24 


3 ■ 10-9 


2 ■ 10-^ 


0.06 


1 
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Table 2: R^ estimations. From [T]. 

Experimental constraints on R^ come from Cavendish experiments testing Newton's in- 
verse square law. These give roughly R^ < 1 [mm], therefore (i^ = 1 is ruled out. li d± = 2, 
then this estimate gives an R± of the millimeter size. 

In the previous section we mentioned KK gravitons, which are excitations of the graviton 
(closed string state). Their masses will be determined by all the extra dimensions (including 
the large ones R±) since they move in the bulk. At low energies though, only KK momenta 
from the large extra dimensions will be excited: 



m 



KK 



n 

R^ 



(3.24) 
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The open string ground states (the standard model gauge bosons)|jwill have corresponding 
KK excitations since they propagate in the small extra dimensions R\\: 

II 

^KK = (3-25) 

In addition to KK states there will also be towers of particles called winding states, caused 
by the wrapping of strings around the extra dimensions: 

m^ind. = WR\\M^ (3.26) 

W is an integer called the winding number. 

As opposed to Regge states, KK states and winding states are clearly dependent on the 
geometry of the extra dimensions. Note that closed string states, such as the transverse KK 
states, interact at 1-loop level and hence their effects are suppressed. 

3.4 Intersecting D-brane models 

References: [Il|22l[23l[ai|25l[26l|27l[66l|98l[99] 

String phenomenology is the study of how to embed the standard model into superstring 
theory. Intersecting D-brane models make such an attempt in the framework of type I or II 
superstring theory. In these models it was shown possible to achieve the following: 

1. Contain the standard model gauge group SU{3) x SU{2) x f/(l). 

2. Have chiral fermions: the quarks and leptons. 

3. Family replication: the 3 families. 
A. Af=l SUSY or no SUSY. 

3.4.1 Generalities 

A Dp-brane is a non-perturbative extended object with p space dimensions. The fluctuations 
of a D-brane are described by a string theory. Open strings attach to D-branes and their ends 
satisfy Dirichlet boundary conditions transverse to the D-brane, and Neumann boundary 

^In intersecting brane models, the fermions are placed at the intersection of the D-branes, thus they move 
in a smaller number of dimensions compared to the gauge bosons which move on the branes. 
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U(1) 
string f 




U(N) 



U(M) 




U(N) 



U(N) X U(M) 



D-brane 



N D-branes 



Figure 3: Left: U{1) gauge field. Middle: U{N) gauge field. Right: chiral fermion in bi- 
fundamental of U{N) x U{M). 

conditions along the D-brane. D-branes couple to the gauge fields of the R-R sector in type 
II string theory. Type IIA contains stable p =even Dp-branes that couple to the n =odd n- 
forms of the theory. Likewise type IIB has p =odd and n =even. These so called BPS branes 
are stable since they carry a conserved charge. Type I (II) string theory contains A/" = 1(2) 
supersymmetry in 10 dimensions. Introducing D-branes into type I or II string theory breaks 
some of the supersymmetry. In this way, model building can result in different amounts of 
supersymmetry. 

Closed strings are not attached to D-branes and can propagate in the bulk. Gravity arises 
from the massless sector of the closed string, so it too can propagate in the bulk. An open 
string with both ends attached to a single D-brane gives rise to a U{1) gauge field that is 
confined to the brane. Fig. [s} copies of this configuration gives of course U{1)^ . If the N 
D-branes are brought close together and stacked on top of each other, the gauge fields will be 
in the adjoint representation of U{N). It is thus possible to realize the gauge group SU{N) 
via U{N) ~ SU{N) x f/(l), and necessarily there will be extra f/(l)'s. 

On top of the gauge and gravity interactions, D-branes also make it possible to realize chiral 
matter. One way to do this is by placing the D-branes on orbifold or conifold singularities. 
We will consider a different method: D-branes intersecting at angles. Consider a stack of A^ 
D-branes intersecting a stack of M D-branes. An open string stretched between the two stacks 
can give rise to a chiral Weyl fermion in the bi-fundamental representation of U{N) x U{M), 
see Fig. |3} 

A D-brane is described by the DEI action, and it has tension (a positive contribution 
to the vacum energjj^. Negative tension objects called orientifold planes are introduced to 

''This is one way to see that D-branes break SUSY. In a supersymmetric theory the vacum energy is zero. 
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cancel the D-brane tension. These models are then called orientifold models. A new feature is 
that now the SP{2N) and S0{2N) gauge groups are possible for the gauge fields, in addition 
to U{N). SP{2N) and S0{2N) appear if the 3-cycle is invariant under the anti-holomorphic 
involution a, whereas U{N) appears if it is not invariant. We consider the second case in this 
work. In addition to the bi-fundamental, the symmetric and anti-symmetric representations 
for the chiral fermions are now also possible. These new representations arise from strings 
stretched between a D-brane and its image. Since these exotic chiral fermions do not appear 
in the standard model they are usually unwanted, and indeed they do not appear in the model 
we consider in the next section. 

Family replication is achieved as follows. The number of chiral fermions at an intersection 
of two branes is determined by the intersection number. In a flat non-compact space, the 
intersection numbers obviously can be only ±1. But we must consider compact extra dimen- 
sions, and this enables multiple intersections between the branes. Consider the compact space 
to be a 6-torus = x x and that D6-branes cover a 1-dimensional cycle on each 
T^. Each is then described by a pair of wrapping numbers {n\m^) along the cycles [x*] 
and [?/']. A 3-cycle can then be written as product of three 1-cycles: 

3 

= n«M+<[^i) (3.27) 

1=1 

Since [x*] o [y*] = — 1, the intersection number between branes a and b is: 

3 

lab = 7r„ o TTfo = JJ«m^ - mini) (3.28) 
1=1 

The mirror cycles vr^ have wrapping numbers (n*, — m*), therefore: 

3 

la'b = K°^b = llKml + myi) (3.29) 
1=1 

The chiral spectrum of many orientifold models can be read from Table [3j In the next 
section the intersection numbers and chiral spectrum of a 4-stack model with D6-branes will 
be shown. 

3.4.2 4 stack D-brane models 

We now describe the important class of 4 stack D-brane models. These will be our prototype 
models. Consider type II orientifolds with D6-branes wrapping compact homology 3-cycles 
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sector 


representation 


intersection number / 


a' a 


Aa 




a' a 


Sa 




a b 






a' b 







Table 3: Intersection of 3-cycles. vrog is the 3-cycle of the orientifold plane. The existence of 
the symmetric and anti-symmetric representations can be seen. From [1]. 



0(3) 




Figure 4: 4-stack D6-brane model, giving rise to the standard model spectrum. 



TTa of the internal space. The massless gauge fields live in the subspaces R 



1,3 



X TTa 



There 



are also 06-planes ttog, and for each stack of D6-branes there is an orientifold mirror stack 
wrapped around the reflected cycles vr^. The Intersection numbers / fix the chiral spectrum. 

Fig. |4] shows the intersection pattern of the four D6-branes. 

The gauge group is: 



U{3), X U{2), X f/(l), X f/(l). 



Which is equivalent to: 

SU{3)a X SU{2), X U{l)a X U{l)h X f/(l), X [/(I), 



(3.30) 



(3.31) 



The SU (3) and SU (2) groups correspond to the strong and weak gauge groups. The four 



f/(l)'s of Eq. (3.31) generally mix to form the physical particles. Three of these so called Z' 
bosons will receive masses of the order of the string scale, via the generalized Green-Schwarz 
mechanism, see e.g [221 123] • The remaining f/(l) field stays massless and is identified with 
the hypercharge. 
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In general, the hypercharge can be written as a hnear combination of all the 

U{1)y = (3.32) 

i 

SO that 

Qy = ^CiQi (3.33) 



In our model we assume the so called Madrid hypercharge embedding: 

Qy = iQa + lQc+^Qd (3.35) 
o 2 / 

We see that the abelian gauge boson from the color stack U{l)a mixes with the hyper- 
charge, and hence with the photon and Z boson. This can be viewed as mixing of the gluon 
with photon and Z. As we will see this gives rise to tree level amplitudes which are forbidden 
in the standard model (e.g. scattering of gluons into photons). 

We now turn to the chiral spectrum of this model. In [27] a general solution for the 
wrapping numbers (n^, m^) which give the standard model spectrum was found. One example 



for such a solution is given in Table |4j From Eqs. (3.28) and (3.29) These wrapping numbers 
give rise to the following intersection numbers: 

lab = ^ , hb' = 2 
lac — 3 , lac' — 3 

hd = 5 hd' = —3 

hd = -3 , he' = 3 (3.36) 

and these intersection numbers give rise to the standard model spectrum (plus extra f/(l)'s) 
as shown in Table [5j The 3 quark families comes from hb + hb' = 3, and so on.. 
We note the following issues: 

• Different types of models are possible. For example, more then 4 stacks of D-branes, 
D5 instead of D6-branes, gauge groups of grand unified theories, etc. 
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(1, 0) 


(2, 1) 


(1, ^) 


Nt = 2 


(0 , -1) 


(1, 0) 


(1,1) 


iVc = l 


(1, 3) 


(1, 0) 


(0, 1) 


Nd = l 


(1, 0) 


(0 , -1) 


(1> 1) 



Table 4: Wrapping numbers. From [27] 



Intersection 


Matter fields 




Qa 


Qb 


Qc 


Qd 


Y 


(a, 6) 




(3,2) 


1 


-1 








1 

6 


(a, 6') 




2(3,2) 


1 


1 








1 

6 


(a,c) 




3(3,1) 


-1 





1 





2 
3 


(a, c') 




3(3,1) 


-1 





-1 





1 

3 




L 


3(1,2) 





-1 





-1 


1 
2 


(c, d) 




3(1,1) 








-1 


1 


1 


ic,d') 


Nr 


3(1,1) 








1 


1 






Table 5: Standard model spectrum and U{1) charges. From . 



U{1) anomalies are canceled by the Green-Schwarz mechanism, see e.g [221 ES]- The 
corresponding Z' bosons receive masses from Chern-Simons terms even if they are not 
anomalous. The f/(l)'s survive as perturbative global symmetries and can be identified 
with baryon and lepton number. This leads to proton stability and prevents Majorana 
neutrino masses. That being said, the condition for the hypercharge to remain massless 



is (see Eq. ( [3l32| ): 

^QiV,(7r,-7rO = (3.37) 

i 

These models contain 3 right handed neutrinos. 

intersecting D-brane models are classified as either supersymmetric or non-supersymmetric. 
Supersymmetric models usually assume a high string scale near the planck scale, whereas 
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non-supersmmetric models usually assume a low string scale ~ 1 — 100 TeV. Our model 
is non-supersymmetric. 

• It has been argued that the effects of four-fermi operators on FCNC's, EDM's (electric 
dipole moments), and supernova cooling, constrain the string scale to be above ~ 10^ 
TeV. This implies that non-supersymmetric intersecting brane models suffer a severe 
fine tuning problem. 
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Figure 5: Classes of diagrams for 4, 5 and 6 gluons. Each drawing represents all of the 
Feynman diagrams which can be obtained from it by permutation of the external particles. 

4 Review of amplitude calculations 
4.1 Field theory 

References: Mainly follows [39] ■ See also [HI HJl HO], |36] and Appendix [E| where the formalism 
and notation is presented. 

This section is a review of amplitude calculation in field theory via the helicity amplitude 
technique and the trace color decomposition. 



n 


4 


5 


6 


7 


8 


9 


10 


no. of diagrams 


4 


25 


220 


2485 


34300 


559405 


10525900 



Table 6: The number of Feynman diagrams for the n-gluon amplitude at tree level. From 
[39]. 

We use the words "quarks" and "gluons" but the gauge symmetry is SU{N) or U{N) 
and not necessarily SU{3). Evaluation of amplitudes via text book methods for calculating 
Feynman diagrams, becomes very complex as one goes to higher loops or as one adds external 
particles. In this paper we do not deal with loop diagrams. The complexity arises from the 
large number of Feynman diagrams (see Table M and Fig. [5]) and from the fact that the non- 
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Figure 6: The universal amplitudes. 



abelian vertices give rise to a large number of terms. Usually at the end of the calculation there 
is a large amount of cancellation between the terms, giving rise to a relatively simple answer. 
This suggests the existence of a formalism which may simplify the procedure by taking better 
account of the symmetries of the amplitude. Since the perturbative expansion in Feynman 
diagrams is not gauge invariant, a major step forward was identifying what combination of 
feynman diagrams can give rise to a gauge invariant basis in which to expand. A particularly 
useful color decomposition was discovered via analogy with the Chan-Paton structure of 
string amplitudes: The trace color decomposition. Other usefull calculation techniques include 
finding simple representations for the polarization vectors in terms of massless spinors, spinor 
products, recursion relations among the amplitudes, and Supersymmetric Ward identities. 

The helicity amplitude technique consists of calculating the amplitudes with definite he- 
licities for the external particles. There are two types of amplitudes which are particulary 
simple: the n-gluon amplitude and the n-gluon plus a quark anti-quark pair amplitude. Fig. |6| 
We will refer to these amplitudes as universal amplitudes for reasons which will become clear 



in the string theory section 4.2[ We will see shortly that the universal amplitudes have a sim- 



ple color decomposition on a color basis which is orthogonal at leading order in Written 
in this basis, a closed formula for the MHV sub-amplitudes exists. 

All amplitudes of the form (1"*", . . . n~^) and 2"'" . . . n'^) vanish. In the ng + qq case, 
also the amplitudes with q and q having the same helicity vanish. Explicitly: 

m{gt,9t,- ■ ■ ,9n) = 
m{gi,gt,9t^---^9n) = (4.1) 

m{q'^,q~,gt,9t.---.9n) = m{q~ ,q^ , gt , gt , ■ ■ ■ , 9t) = 
m{q+,t,gi,...,gr,) = (4.2) 
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And of course, amplitudes obtained by reversing all helicities or permuting identical particles, 
vanish as well. 

The Maximally Helicity Violating amplitude {MHVj^ is an amplitude with 2 particles 
having a certain helicity, and the rest having the opposite helicity: (1^, 2"*", 3~, 4~ . . . n~). For 
the universal amplitudes, the MHV amplitudes do not vanish but they have a simple closed 



formula for arbirary n. For n = 4 or n = 5, Eqs. (4.1) and (4.2) imply that the MHV are 
the only non-vanishing helicity configuration. This trend ends at n = 6 which has also the 
non-vanishing m{l~^, 2"^, 3^, 4~, 5~, 6~). 

4.1.1 n gluons 

An n- gluon amplitude can be decomposed as follow^ 



M{g,, ...,(?„)= Yl Tr{T'^^T-^ ■ ■ ■ T"") m(^i, ...,g^) (4.3) 

{!,...,«}' 



Where the color matrices are in the fundamental representation. The subamplitudes (Some- 
times called colored ordered amplitudes m(l, . . . , n) = m{gi, . . . , gn) = rn{pi, ei, . . . pn, Cn) 
contain the kinematics: polarization vectors from the external legs and momentum vectors 
from the vertices. It is seen that they multiply a Chan-Paton color factor. The sum {1, . . . , n}' 
is over the (n — 1)! cylic inequivalent permutations . 



Eq. (4.3), when squared and summed over colors and permutations gives: 



\MWgi, . . . , gn) = ^^^"^A^AA'rnv (4.4) 

A,A' 



Where mx = m{gi^, . . . , gn^) is a given permutation, and 



Sxx' = rr(T'^iA ...T'^-a) [Tr(r"V ...T'^-a')]* (4.5) 

ai,...a„ 

*We saw that the "would be" two most violating helicity amplitudes vanish, hence they are not called 
MHV. 

^ Proof : An rt-giuon fcynman diagram contains only gluon lines. A 3-gluon vertex contains /"^'^ which 
can be written as = -iTr[T''T''T'' - T'T^T"], by using [T" ,T^] = Now each leg attached to 

this vertex has a T attached to it. Each of these legs goes either to an external gluon or to another vertex. 
In the latter case, the /'^'''^ from the second vertex can be combined with T'^ from the first vertex to give: 
j^cjcde ^ ^i[Td,T% So we got for the two vertices: p'^'^f^^e ^ -Tr[T''T^[T'^,T''] - [T'^,T^]T'>T''], which 
is of the required form. The 4-gluon vertex has y'''"=j-cde -^j^j^j-^ jg already in the required form. This process 
can easily be seen to continue by iteration. 
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The subamplitudes satisfy the following properties^ 

1. m{l, . . . ,n) is gauge invariant. 

2. m(l, . . . ,n) is invariant under cyclic permutations of 1, . . . , n 

3. Reflection: m(n, . . . , 1) = (— l)"m(l, . . . ,n) 

4. The dual ward identity (Also called sub-cyclic identity or photon decoupling identity): 

m(l, 2,...,n) + m(2, 1, 3, . . . , n) + m(2, 3, 1, . . . , n) + . . . + m(2, 3, . . . , 1, n) = (4.6) 

5. Factorization of m(l, . . . ,n) on multi-gluon poles 
The MHV amplitude has a simple closed formula: 



m{gt,9^,gs,...,g-) = ^^"'' (i2)(23^ ■ ■ (m) (^-^^ 



So that, 



-512 ■■ ■ Snl 



Where Sij = [ki + kjY, (ij) = ^/\sij\e^'^'^ , [ij] = —^/\sij\e~^'^'^ , see Appendix [e| 

In most colliders (in particular hadron colliders), the helicities of the particles are not 
measured. Hence, after the amplitude is squared it should be summed over possible helicities 



and also over colors. Squaring and summing over colors (see Eq. (F.26)) gives: 



J2\Mn\^ = N^-^{N^-1) J2 [H''{l,...,n) + 0{l/N^)j (4.9) 



colors {l,...,n}' 



When summed over colors (see Eq. (4.9)) and MHV configurations one gets the Parke- 
Taylor amplitudes: 



E J2\Mngi,...,gn) = 2g'-'N--\N'-l)J24 E + 

(4.10) 



helicities colors i>j {l,...,n}' 
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The first two properties follow from the linear independence of the Chan-Paton factor (to leading order 



in 1/N, see Eq. (F.26)). Since Tr[T"^ • • -T""] is cyclic invariant, so will the subamplitude be. Since the full 



amplitude is gauge invariant, so will the subampltudes be. 
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The factor of 2 comes from the sum over (+ H — •••"") and ( h . . . +), and it is absent for 

n = 4. 

It turns out that for 4 and 5 gluons the Oil/N"^) correction vanishes in Eq. (4.9), so 



that Eq. (4.10) becomes: 



helicities colors 



i>j 



S12S23S34S4I 



(4.12) 



E E \^\\9i,92,g3,9,,g,) = 2/iV3(iV2-l)E 4E 



helicities colors 



i>j 



4.1.2 n gluons + 2 quarks 

The 2 quark plus n-gluons amplitude can be decomposed in the following way 



Miq,q,gi,...,gn) = E [T^'T^^^ ■ ■ ■ T^-) .. m{q,q, g^, . . . , g^] 

{l,...n} 



Eq. (4.14), when squared and summed over colors and permutations gives: 



\M\'^{q,q,gu. . . ,gn) = ^mxVxx'my 

X,X' 



Where, 



V. 



XX' 



ai ,...a„ 



and mx = m{q, q,gi^,..., g^^) 

The MHV amplitude has a simple closed formula: 



m{q^,q , gi , gt , ■ ■ ■ , 9n) = ^9 



{qq) {ql){12)---{nq) 



^^For 6 gluons Eq. (4.9 1 will be: 



colo 



(N'-l) J2 [H'(1,2...,6) 

{2,3,4,5,6} 



(4.13) 



(4.14) 



(4.15) 



(4.16) 



(4.17) 



7V2 



' (123456) (m(135264) +m(153624) +m(136425) 



(4.11) 
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So that, 

\m\\q\q-,g-,,9t,---,gl) = g'"" ^ ^ (4.18) 

^qq ^ql^l2 ^nq 

Squaring and summing over colors and MHV configurations: 

n 

helicities colors i=l 

x-L Y: ^ / ^ + 0{1/N^) (4.19) 

'^'^ {1 n} 91^2 i>nq 

4.2 String theory 

References: We mainly follow Pl [D 12] , see also [HI [HSl IHSl EZl [1001 [Ml [102] ■ 
4.2.1 Generalities 

We review in this section the techniques used to calculate amplitudes in string theory. We 
obtain the equations which enable us to calculate the leading order amplitudes (disk and 
sphere amplitudes). 

In quantum field theory one calculates correlation functions (0(xi) ■ ■ ■ 0(a;„)). To get 
scattering amplitudes, the correlation functions are put on-shell. In a quantum theory of 
gravity it is not so clear how to deal with off-shell correlation functions. Instead we can 
calculate the S-matrix by taking the limit Xj — )■ 00 in the correlation functions. In string 
theory, a drawing of the lowest order interaction of strings looks as in Fig. [7j Unlike QFT 
there are no interaction vertices, and locally it is a free theory. Only when observed globally 
the interactions are seen. Taking Xj — )■ 00 amounts to taking the legs of the diagram to 
infinity. The state-operator map says that a state at infinity is equivalent to an insertion of 
a vertex operator Vi on the world sheet. A conformal transformation can transform our 2 
diagrams into a disk and a sphere. A mobius transformation can transform the disk to the 
upper half plane, and a stereographic projection takes the sphere to the plane (Fig. |8|. The 
vertex operators will be placed on the boundary of the disk and on the sphere (The sphere 
obviously has no boundary). Weyl invariance enforces the vertex operators to be on-shell. 
Higher order diagrams are possible by considering holes and handles in the diagrams for open 
and closed strings respectively. A scattering amplitude will therefore consist of an expansion 
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in the topology of the world sheet (Fig. [9]). Fig. 10 shows the same expansion after performing 
the conformal transformation. 





Figure 7: Open and closed string diagrams with 4 external particles. The legs should be 
imagined to continue to infinity. 




Figure 8: Open strings: transforming to the disk and to the complex half-plane, closed 
strings: transforming to the sphere and to the complex plane. 



We start with the following expression for the scattering amplitude for n external particles: 



Mr 



topologies 



g;"" ^ j VXVg e-^^-« ■ ■ ■ K, 



(4.20) 



Since we are only dealing with tree-level amplitudes, we safely ignored the Faddeev-Popov 
ghost fields. This equation has the form of an expansion in the string coupling gs. There 
is a functional integration over the coordinate X, an integration over all possible worldsheet 
metrics and a sum over the different topologies weighted by g~^. It is therefore crucial to 
note that we assume weak coupling. 

The Polyakov action in the conformal gauge is: 



S 



Poly 



1 

2na' 



d^z dX ■ dX 



(4.21) 
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Figure 9: Perturbation expansion of the 4-point string amplitudes. Top figure: open strings, 
bottom figure: closed strings. 




Figure 10: The previous figure after a conformal transformation. For the open string the 
vertex operators are on the boundary. 

X is a topological invariant know as the Euler number: 

X{M) = ^ j d^aVaR = 2-2nh-nb-n, (4.22) 

Where rih, Ub, ric are the number of handles, boundaries, and cross-caps of the worldsheet. For 
sphere topology x = 2, while for the disk x = 1- 

We now focus on the lowest order, sphere and disk amplitudes. We need now to in- 
tegrate over all metrics g. We transform to the fiat metric and recall the remnant global 
transormations: the conformal killing group PSL{2;C) = SL(2]C) / Z2 for the sphere, and 
PSL{2; R) = SL{2; R)/Z2 for the disk. Technically this means making the following replace- 
ments in the path integral: 
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Vol. 

1 

Vol 



Vg 



Vo\.{SL{2-C) 
1 

Vol.(5L(2;i?) 



1=1 



^ U'^z. (4.23) 

{l,-,n}' «=1 

For open strings the vertex operators are on the boundary of the disk, and hence have a given 
ordering to them. A cyhc permutation of the vertex operators (which is just a rotation) gives 
an equivalent configuration because of the reparametrisation invariance of the string action. 
Hence there should be a sum over the {n — l)\ cylic inequivalent permutations. Also note that 
for open strings there is a single and not a double integration. 
We define Vi = V{zi, ki) and: 

(^1 ■ ■ ■ Vn) = jvXexp(^-^ J SzdX -dX^ \{Vi---Vn (4.24) 

and we note that The PSL{2, R) and PSL{2, C) Symmetries on the disk and sphere respec- 
tively, allow to fix 3 of the insertion points Zi. This leaves n — 3 integrations in Eq. (4.23). 
The usual choice is Zk = , zi = 1, Zm = oo. 

We can finally write our master formulas for the closed and open leading order string 
amplitudes: 



(closed) 



9 



n-2 



Vol.(SL(2;C)) 



/n 
i=i 



j^{open) 



{l,...,n} 



, Vol.(^L(2;i?)) 



\{dz, (V^i-'-K) 



(4.25) 



(4.26) 



i=l 



These formulas are valid for any type and any number of external particles. For each 
particle there corresponds a vertex operator and an integration. 

To summarize, the procedure for calculating a scattering amplitude is: 

1. Write the vertex functions of the external particles. 

2. Calculate the correlator of the vertex functions. 

3. Fix 3 of the Zj's, and perform the remaining n — 3 integrations. 

4. For open strings, sum over permutations of the ZiS. 
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4.2.2 Tachyon amplitudes 

A simple example is the tachyon (lowest state scalar) scattering amplitude. The vertex 



function of a tachyon is V{zj,kj) = e*'^^'"^^^-'^ Defining Zij = Zi — Zj, Eq. (D.8) gives the 
correlation function for open string tachyons: 



Jki-X{zi) _ _ _ ik„-X{z„) 



> = n 



\2a'ki-kj 



(4.27) 



i<j 



We now use our freedom to fix 3 Zi^s. We start by choosing zi = constant >> Zi. This 
gives: 



\Zl 



\2a'ki-ik2+...+k„) 



n 



1 2a'ki-kj 



const. 



n 



(4.28) 



l<i<j l<i<J 

Where we used k2 + ■ ■ ■ + kn = —ki and kf = ml = constant. 
Further choosing Z2 = 0, 2:3 = 1, we get: 



/n 

Z=4 



4<i<j 



I \2a'ki-kj 



(4.29) 



For closed strings the correlation function is Eq. (D.7), so it is easy to see that: 

/n 
1 A 



\a'k:yki 



1=4 i<i<j 



\a'ki-kj 



(4.30) 



For n = 3 tachyons we get Ai^ = const. Defining Sij = 2a'ki ■ kj, we have for n = A: 



M^r"^ oc ldz\z\^\l-zY = B{s + l,u + l) 



(4.31) 



where B{a, b) = ^^l^^^^ is the Beta function. 
For the closed string: 



Mi''"'""^ oc / dh\zmi-z\'/' 



r(-i-f) r(-i-f) r(3 + f + 



4 ' 4' 



f4 32) 

r(2 + |)r(2 + |)r(-2-f-f) 

We can write the last equation in a symmetric form. Closed string tachyons have a negative 



mass of m = —AMg, hence s + i + u = m?- = —16. This gi 



ives 



j^iclosed) ^ 



r(-i-f) r(-i-|) r(-i-f: 
r(2 + |) r(2 + |) r(2 + f) 



(4.33) 



34 



Eqs. (4.31) and (4.33) are the Veneziano amplitude and the Virasoro- Shapiro amplitude 
respectively. 



4.2.3 Quark-gluon amplitudes 

In the previous section we gave tachyons as an example of a scattering amplitude in string 
theory. Although tachyons are present in bosonic string theory, they are eliminated from 
the spectrum of string theories which contain world-sheet fermions: superstring theories. In 
the models we consider, massless fermions and gauge bosons occupy the ground state of the 
spectrum of the open string. In particular we are interested in quark and gluon scattering 



amplitudes, and these are calculated quite similarly to tachyons. We recall from section |4.1 
that quark-gluon amplitudes may be classified according to weather they are universal or 
non-universal. Universal amplitudes are defined as those containing or 2 quark (or squark) 
fields, and non- universal amplitudes are those with more quark fields. 

As an example, in order to calculate the n-point universal amplitudes we need the following 
correlation functions. 

( Va{zi) ■■■ VA{Zn) ) (4.34) 
( Va{z,) ■■■ VA{Zn-2) V^z^.,) V^{z^) ) (4.35) 

Appendix O lists the vertex functions of gluons and quarks in terms of the fields from the 



underlying SCFT. Appendix D lists correlation functions of SCFT fields needed in order to 
calculate the above correlation functions. In Appendix |B] we present a full calculation of the 
A4{ggqq) amplitude. The vertex functions contain the color matrices in such a way that a 



chain of vertex operators (e.g Eq. (4.34)) gives the Chan-Paton color structure. The Chan- 



Paton structure is identical to the color decomposition that was done for the field theory 



amplitudes (Eqs. (4.3), (4.14)). Hence the universal string amplitudes will now be written 
a.^ 



-"^^The Chan-Paton structure relates to open string diagrams as shown in Fig. 11 Each string is assumed to 
carry a '"quark"' at one end and an '"anti-quark"' at the other end. The quarks being charged and transform 
as N X N under a U{N) symmetry. To each string there corresponds an iV x TV matrix An n-point 
amphtude is obtained by contracting in cyhc order the '"anti-quark"' index of a string with the '"quark"' 
index of the next string, and so will contain the factor: [T'^^Y ^(T''^)\ ■ ■ ■ (T''")'^ = T^^yaiyaa . . .j^a^j ^ 
Historically, this picture of a string with a quark and anti-quark at its ends was introduced as a model for 
mesons, so that U{N) was the flavor group. This picture remains approximately correct, with the QCD flux 
tube acting as the string. 
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Mstringigi, ■ ■ ■ , Qn) = ^ Tr [T"^ ■ ■ ■ T"") ITlstringigi, ■ ■ ■ , Qn) 

{l,...,n}' 



(4.36) 



Mstring{q,q,gi,- ■ ■ , Qn 



J2 (T»^ ■ ■ ■ T'^")^^. TTlstringiq, Q, 9l, ■ ■ ■ , 9n) 
{l,...,n} 



(4.37) 



We put the label "string" because shortly these will be compared to the field theory ampli- 



tudes. From Eq. (4.26) the subamplitude is: 



"^string 



9s 



Vol{SL{2;R)) 



(4.38) 



i=l 



and Vi is is just Vi after stripping it from it's color matrices. 

Following [H we define rriQCD as the sub-amplitude in field theory (m of section 4.1). 
We can write rristring as ttiqcd times a function (form factor) that needs to be calculated. 
Focusing on the 4 and 5-point helicity amplitudes, the non-MHV subamplitudes vanish also 
in string theory (Eqs. ( |4.1 ) and (4.2)). So we write (and explain afterwords..) for the MHV 
sub- amplitudes: 



4 partons 



mstring{9i,92,93,9'i) = ^ '^{kj) itiqc d{9i, 92, 9i, 9a) 



mstring{9l,92,q3,q'i) = ^4{kj) mQCD{9l, 92, Qs, Qa) 



(4.39) 
(4.40) 
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su 



034(5, m) = Vt = ^ dzz'-\l-z) 
t Jo 



u-1 



(4.41) 



(4.42) 



su 



= ^ I dz z'-\l - z)""-^ Ip{zi,ej) (4.43) 
t Jo 

Where Ip is a function which depends on the D-brane setup, and therefore is model dependent. 
• 5 partons 



mstringigi, 92, 93, 94, 95) = ^b{kj) mqc d{9i, 92, 93, 9a, 9b) 



(4.44) 



mstring{.9l,92,93,(lA,qb) = ^bi^j) mQCD{9l, 92, 93, Qa, Qb) 



(4.45) 



mstTing{9l,92,93,qA,qb) = ^b^kj , 9i) mQCD{9l, ^2, Qs, Qi, Qb] 



(4.46) 



^Bs will be given in section 7.3.1 



There are two things to be learned from these equations, showing the special properties 
of the universal amplitudes. 

1. Equality of form factors: a string helicity amplitude is equal to the corresponding 



field theory amplitude times a stringy form factor. Eqs. (4.39) and (4.40) have the same 



form factor 034, and likewise Eqs. (4.44) and (4.45)) have the same O35. 



2. Universality: The form factors ^4 and ^Bs depend only on the kinematics and hence 
are universal or model independent. On the other hand, the form factors O34 and O35 
depend on the setup of D-branes and geometry of the extra dimensions, hence they are 
model dependent or non-universal. 



^■^The kinematical factor in front of the integral ensures that ^84 — > 1 as s, w ^ 1 so that at low energies 

TTlstring mqcD- 
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These two properties generalize to n-point universal amplitudes. The claim is that an 
n-point universal helicity amplitude can be written as: 



'^string {gi... g„) = '^n{kj) niQCDigi ■ ■ ■ gn) (4.47) 

fristringigi- ■ ■gn-2,qn-l,qn) = ^nikj) niQCDigi ■ ■ ■ gn-2, Qn-l, Qn) (4.48) 

with the same form factors which depend only on the external momenta, and not on the 
compactification. Furthermore, 53„ can be expressed in terms of generalized hypergeometric 
functions, and there are (n — 3)! independent sub-amplitudes, see Section |8} 

Including the supersymmetric gluino and squark {x and 0), the ra-point universal ampli- 
tudes are: 

1. m{g''K..g''") , 3. m{q''\(t\g^s ■ ■ ■ 9^") 

2. m(x'^^r^^73••• ^7"") , 4.m{r\r\9t---9^'') (4.49) 

The universal amplitudes 1 and 2 are related through supersymmetric ward identities, as are 
amplitudes 3 and 4. In addition, amplitudes 1 and 3 have equal stringy form factors. 

4.2.4 Discussion 

We further explain the two properties of the universal amplitudes, see [2]. 



1. Equality of form factors: The explanation is as follows, see Fig. 12 Consider an 
helicity amplitude with k quarks and n gluons: m'{qi . . . qk, gi . . . gn) The quarks arise 
from strings stretched between between 2 stacks of D-branes intersecting at an angle 
6. If the angle 6 is gradually changed and taken to zero, the quarks will appear as 
gluinos of the enhanced gauge group T'* © T*, since the stacks are on top of each 
other. This new configuration describes an amplitude with k gluinos and n gluons: 
"^"(Xi ■ ■ ■ Xk, gi ■ ■ ■ g-n)- Supersymmetry relates gluinos and gluons, so that m" has the 
same form factor as the all-gluon amplitude m!"{gi . . . gk+n)'- 53" = 53'". Finally, if 
k = 2 then m' is a universal amplitude and in particular independent of 6. Hence in 
this case m' = m", and thus 53' = 53" = 53'". We have thus proved that the two types 
of universal amplitudes have equal form factors. 

2. Universality: The most interesting property of these amplitudes is that they are uni- 
versal or model independent. They are the same in many different models of string 
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theory, because they do not depend on the compactification of the extra dimensions. 
Universal amphtudes contain only Regge states and not KK or Winding states, which 
appear in amphtudes with more quarks. KK states arise from the compactification of ex- 
tra dimensions. Winding states arise when extended objects such as strings or D-branes 
wrap around the extra dimensions. Regge states are pure string states independent of 
the extra dimensions. 

Mathematicaly the reason KK and winding states do not appear in the universal am- 
plitudes is the following. KK and winding states only appear in amplitudes constructed 
from correlators of the boundary changing operators S'^'^'', and only when there are 4 
or more E!"'~'*'s : 



12 

( E'^^'iz^) E'^^izs) E'^'^^z,) ) = ( '''''' I, i{z,};e^) (4.50) 

^Zi2Zi4^Z23Z34^/ 



Ip depends on the compactification and intersections of the D-branes. It includes ex- 
changes of KK and winding states. Since S"'"''' appears only in the quark vertex function 



and not in the gluon vertex function (see Eqs. (C.2)-(C.5)), KK and winding states will 



appear only in amplitudes with 4 or more quarks. 



This property can also be seen diagramatically. Fig. [13] shows the difference, in this 
respect, between an amplitude containing 2 quarks and an amplitude with 4 quarks. 
KK and winding states carry internal charge, and charge conservation requires quark 
pairs on both sides of a KK/winding state line in the diagram. So an amplitude with 
one quark pair can not have KK/winding state exchange. 
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Figure 12: Explanation of the equality of form factors. The 2 quarks of the n-gluon plus 
2-quark amplitude are shown. From left to right: changing the intersection angle until it is 
zero. 




Figure 13: Explanation of universality. The conservation of internal charge forbids the middle 
diagram. The same argument holds for the n-gluon amplitude. 
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> ^ <^ 



Figure 14: 4 particle kinematics. The scattering angle 9. 

5 4-point amplitudes 

4 particle amplitudes are 2 — )■ 2 processes at colliders. At the LHC, important signals of 
2 — !■ 2 processes include: pp 2 jets, pp — )■ jet + EW gauge boson and pp 2 EW gauge 
bosons. 

The Mandelstam variables are 

s = {ki + k2f = 2kik2 
t = {ki + k^f = 2kik3 

u = {ki + k^Y = 2kiki (5.1) 



The kinematics are shown in Fig. 14 



Energy-momentum conservation for massles quarks and gluons gives 

s + t + u = J^^m^ = (5.2) 
The hatted Mandelstam variables s, i, u are defined as the Mandelstam variables in units 



of M,: 



s = s/Ml = a's 
i = t/Ml = a't 
u = u/M^ = a'u (5.3) 

Since this is a scale transformation of the external momenta and since massles QCD/QED are 
scale invariant, the QCD/QED amplitudes will be invariant under s, t, m — )■ s, i, u. Amplitudes 
with W and Z bosons are not scale invariant so that their form will change when passing to the 
hatted variables. For s,t,u » Mz, the EW amplitudes become scale invariant as well. The 
string amplitudes to be discussed later, will obviously change under this scale transformation. 



These properties are easily seen by looking at the squared amplitudes in sections 5.1 and 5.2.2 
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9Q gq 



qq 



qq' 



Figure 15: QCD Feynman diagrams for 4-particles. The other processes can be obtained by 
crossing. 



5.1 Field theory 

References: [HESIES]. 



Using the techniques and results of section |4.1[ the 4-point squared amphtudes may be 



computed. As an example, consider the gg — > gg squared amplitude. Looking at Eq. (4.12) 
and using ^ sf, oc {s^ + t^ + m^) and ^ 



1 



\M\'{gg^gg) oc g\s' + t' + u' 



!12S23S34S41 

+ + 



OC ^ + ^ + we get: 



tu 



su 



St 



m2j 



(5.4) 



Which is given also in Eq. (5.5). In the last equation we used s + t + u = 



In the next section we list the squared amplitudes for 2 — )■ 2 amplitudes in terms of the 



Mandelstam variables. Some of the Feynman diagrams are shown in Figs. 15, 16 We consider 
the processes which are the most important in a hadron collider, namely initial states with a 
quark or a gluon. 



5.1.1 The squared amplitudes 
• gg initial state 
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Figure 16: Feynman diagrams for partons + photons. The same diagrams describe Z bosons. 



\M\\gg^gg) = -g^ 



3- 



tu su st 



\M\\gg^gj) = 



\M\\gg^qq) = -g\t' + u') 



4 1 
l9iu ~ s2 



gq initial state 



\M\\gq^gq) = -g\s' + u'^ 



4 1 



9su it2 



lM\\gq^Wq') 



3" us 



12x 



w 



qq initial state 



(5.5) 
(5.6) 
(5.7) 
(5.8) 



(5.9) 
(5.10) 
(5.11) 
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\M\\qq^gg) = Q)' \M\\gg ^ 



8 + u'^ 



9^ 



ut 



3e^ 
4g^ 



\Mnqq^-fg) 



\M\'{qq'^Wg) 



2naas (t - M^f + {u - M^f 
9xw 



\M\^{qq' qq') 
\M\^{qq^ q'q') 



tu 



4 + 



4 .t^ + u^ 



\M\^{qq^qq) = 



+ 



3st 



qq initial state 



(5.12) 
(5.13) 
(5.14) 
(5.15) 
(5.16) 
(5.17) 
(5.18) 



\MWqq^qq) = 



s^ + r s^ + u^ 2s^ 
t'^ 3tu 



iM^qq'^qq') = 



(5.19) 
(5.20) 
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5.2 String theory 

5.2.1 The Veneziano amplitude 

The Veneziano amplitude Vt, which enters the 4-point open string scattering amplitudes, is a 
fantastically rich object. Vt is the form factor connecting the string and field theory 4-point 



universal sub-amplitudes, Eqs. (4.39), (4.40), (4.42): 



m string = Vt TUqcd (5.21) 

Explicitly, the Veneziano amplitude is: 

t ^ ' ^ t T{t) r(i + t) ^ ^ 

and by crossing: 

K = Vtii^u) 

Vs = Vt{i^s) (5.23) 
The beta function has an integral representation: 

B{a,b) ^ [\xx^-\l-xr' = (5.24) 
Jo T{a + b) 

One thing to notice is that whereas the field theory tree amplitudes are independent of the 
collision energy (For massless fermions and gauge bosons.), the string amplitudes do depend 
on it through the Veneziano amplitude. This means e.g. that the angular distribution of the 
scattered particles changes as the energy changes. 

Properties of the Veneziano factor: 
1. Low energy expansion (s,i,u « 1): 



Vt = l + —su + ... (5.25) 

D 

In this limit Vt is 1 plus corrections in inverse powers of the string scale. See also 
section 15.2.41 
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2. High energy limit (s >> 1). 

There are two types of high energy hmits that are usually considered: the fixed scattering 
angle limit and the Regge limit. In the first case 6 = constant and \t\ — )■ oo. The 



Regge limit is |s| — > oo, i = constant. From Eqs. (H.21)-(H.23) we have: 
Fixed angle limit: 



(5.26) 



Regge limit: 



Vt - 



s 



(5.27) 



Where, 



m 



1 — cos 6\ /I — cos 6 
m 



1 + cos 9\ ^ / 1 + cos 9 
In 



(5.2J 



In the fixed angle limit, Vt is exponentially decreasing. This is extremely soft UV 
behavior. 

3. s-channel pole expansion: 

Vt can be expanded on s-channel poles, giving rise to the most useful equation of this 
work: 



n=0 K=l 



(5.29) 



There are simple s-channel poles at each integer n: 

s = nM'^ 



(5.30) 



Notice that the residue is a function of u only (mind the simple factor in front of the 
sum..). 

4. D.H.S duality: 



Vt{-s, -u) = Vt{-u, -s) 



(5.31) 
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Thus Eq. (5.29) can then be written as a sum of u-channel poles. 

w 7/, — r), J- J. ^ ^ 



i 



n\ u — n 

n=0 /S'=l 



(5.32) 



We will almost always use the s-channel pole expansion though. 

5. Positivity of the residues: "The no-ghost theorem": 

For Vt to describe a scattering amphtude, the residues of the poles must be positive. 
This is difficult to prove, and it is correct only if the dimensions of space-time are Z) = 26 
OT D = 10, for the bosonic and super-string respectively. 

6. Polynomial residues and spins: 

The residue of the pole contains the angular part of the amplitude, which determines 
the spins of the exchanged resonances. If the residue is a polynomial in cos 6 of degree 



k, then there can be exchanges of spins from to A;. It is seen from Eq. (5.29) that the 
residue is a polynomial of degree n in m or equivalently in cos 9. 

n— 1 n n 

Res{Vt) ocY[{u + K) = u{u + l)---{u + n-l) = ^ a^M^' = ^ 6p cos^ ^ (5.33) 



K=0 



Where ap and bp are constants. 



p=i 



Vt is the form factor which multiplies mqcD (Eq. (5.21)), which itself depends on cos^. 



The angular dependency in mqcD can shift the minimum and maximum spins, so that 
in general: 



+ Jo < J < n + J' 



(5.34) 



From Eq. (|5.30|), there are exchanges of of an infinite number of resonances with masses 

n M, (5.35) 



(Fig. 17): 



rrir, 



These are string excitations called Regge states. 

We will see that the Regge excitations of the gluon (which we denote by (7""') have, at a 
mass level n, spins in the range: 



< J <n + l 



(5.36) 
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Figure 17: s-channel Regge state exchange. 
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These g^^^ particles are exchanged e.g. in gg — )■ gg. The spectrum of 5'""' states can be plotted 



71 J 



on the n — J plane as in Fig. 18 



In sections 4.2.3, 4.2.4 we mentioned that the processes gg — t- gg and gq — )■ gq have 



the same form factor Vt. So the amplitude for gq — t- gq will also have an infinity of poles, 
corresponding to the Regge excitations of the quark g"'^ (Fig. 18). The figure also shows 



Regge trajectories which have the form J = Jq + a'm\ = Jq + u, where Jq = or 1/2 for g""^ 
and g""^ respectively. 



Near a resonance, one term in the sum of Eq. (|5.29|) is dominant: 

->n 1 



Vt 



V,., 



1 



n-1 



(n — 1)! s — n 

(_l)n-l 



U 



\{{u + K) 



K=l 
n-1 



1 ! s — n 



K=l 



(n - 1)! s- 

In contrast to Vt and Vu, Vg is finite (has no s-channel poles): 

T{l-i)T{l -u) 



K — > 



T(l + n) 



finite 



so near a resonance of the amplitude we can neglect Vg terms. 
An interesting property can be seen: 



Vu r(l - i) r(l + i) i sin(7ru) 



Vt T{l-u) V{l + u) u sin(7rt) 



near a pole this becomes: 



Vt 



:-i 



,n-l 



U 



t 



when s — )■ 77, 



From Eq. (5.37) the previous equation is seen to be equivalent to: 

n— 1 n— 1 

JJ(M + fs:) = (-1)"^^ JJ(t + K) , whens 

K=l K=l 

5.2.2 The squared amplitudes 

References: squared amplitudes from [T]. 



— )■ n 



(5.37) 



(5.38) 



(5.39) 



(5.40) 



(5.41) 
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In Appendix |B] we give an example of a full calculation of a squared amplitude. In this 
section we write down the string squared amplitudes just as we did in the field theory case. 
The Veneziano factors will be written explicitly in terms of the Mandelstam variables. It is 
then immediately seen that some the processes have only n =odd resonances (the residues 
vanish for n =even). This is explained in section 6.2.4 and Appendix [A} 

We denote by A the U{1) gauge boson from the stack a (the color stack), and by B the 
non-abelian gauge boson from stack h. 



gg initial state 



\M\\gg^gg) 

1 1 
9'\T2 + T2 + wi 



n^{s — n)^ (n — 1)!^ 



11-1 



K=l 



f 19/12, odd 
I 9/4 



n 

even n 



(5.42) 



iMWgg ^ gA) = ^-g'Ql + ^ + ^) {sVs + m + «K) 



5g^Ql n^ + M^ + t^ 1 



3 n2(s-n)2 (n-1)!^ 



n-l 



n (^ + Kf 



K=l 



1, odd n 
0, even n 



(5.43) 



\M\'{gg^AA) 



12 



Ql \M\'igg^gA) 



(5.44) 



^2 _j_ y2 

\MWgg^qq) = g^ 



Tn?[s — riY {n — 1)!^ 
gq initial state 



n-l 



Gut ^ ' 8 



[ 7/24, odd 
[25/24 



n 

even n 



(5.45) 



50 



_l_ 

\MWgq^gq) = / 



t2 



9 SM ^ . 



9 n{s — riY {n — 1)\ 



^ n— 1 



ii:=i 



\M\\gq^Aq) 



-/^2 + 

3 stxt2 



n[s — ny (n — 1)\ 



K=l 



iM^gq^Bq') 



■1^.1' 



su 



K=l 



initial state 



/8\ 2 

\M\^{qq-^99) = (gj IMfigg^qq) 



\M\'{qq^gA) = g'-Q\ 



32 



4^2 



Mt(M2 + t^) 1 



n-1 



9 ^ n2(s-n)2 (n-1)! 



12 



1, odd n 
0, even n 



IMI^(gg^AA) = -Q\\M\\qq^gA) 



\M\\qq^gB) = g^TW^ 



\M\\qq^BA) = Q^^\M\\qq^gB) 
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• qq initial state 



2 1 

9 t2 



isF,'^r + {sF-f + {uG',':f + {uG 



tu . 



+ 



2 1 

9 m2 



{sF^tf + {sF:tf + (tGi'i'^)^ + {ta 



ut 



27 



K^tu^ut ^ ^tu^ ut) 



\M\^{qq -> gg') 



2/ \_ 
9 t2 



(5.54) 
(5.55) 



See P for further details on quark-quark scattering. 



Let us note a few things that can be seen from these squared amphtudes: 



As seen in Eqs. (5.43), (5.44), (5.50), (5.51), amphtudes with a gA or AA in the final 



state do not have n = even poles. This happens because of the vanishing of the following 
color factors: /°"'' = Z^"" = /°°° = 0. See also section [6^2^ and Appendix IaI 



• Taking the leading term near a pole, we see that there are 3 classes of amplitudes: 

1. gq ^ gq , gq ^ Aq , gq ^ Bq' are proportional near a pole. 

2. gg ^ gg , gg ^ gA , and gg AA are proportional near a pole (the latter two 
vanish at n = even poles.). 

3. gg ^ qq , qq ^ gg , qq gA , and qq — )■ AA are proportional near a pole (the 
latter two vanish at n = even poles.). 

Moreover, these 3 classes differ (near a pole) only by a simple kinematic factor: u{u'^+n'^) 
, (ra^ + u'^ + i^) , ui(u'^ + P) for the first, second, and third class respectively. 

5.2.3 The softened squared amplitudes 

The simple poles of the amplitudes are given finite widths via the Breit-Wigner form as 
in section 6.1.1 Following for example [H], we write the softened squared amplitudes for 



exchange of Regge states from the first excited state n = 1. The Regge states with quantum 
numbers (n, J) are written as: 5'"''^, A"'"^ , g"'"^, recall also Fig. 18 



gg initial state 
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1 



+ 



L(s-i)2 + (r,i,o/M,)2 (s - 1)2 + (r,i,VM,)2 
1 + 



\M\\gg-rgA) = ^Ql 



\M\'{gg^AA) = Ag^Q\ 



_(s-i)2 + (r^i,o/^s)2 {s- 


i)2 + (r^M/M,)2 


1 






1)2 + (r,i,./M,)2_ 


1 

--^ 7Z, 7—^ + T— 





(5 - 1)2 + (r^i.o/M,)2 {s - 1)2 + (r^i.2/M,) 



(5.56) 



(5.57) 



(5.5J 



|A^P(^7^7 ^ gg) = w-^nA w^JT' 



24^ 



nt(n2 + 1^) 



5"- (s-l)2 + (r„,,./M,) 



Ut{u^ + t2) 



2 '"A"'-' 



\s - 1)2 + (r^i,VM.)2 



(5.59) 



initial state 



\MWgq^gq) 



Ag' 



u 



+ 



u 



(5-i)2 + (r^,./M,)2 (5-i)2 + (r^,3/M,)^ 



(5.60) 



+ 



u 



(s-i)2 + (r^,i/M,)2 (s-i)2 + (r^,,3/M,)2^ 



(5.61) 



\M\\gq^Bq') = --g'\T^,\ 



qq initial state 



u 



+ 



u 



(5-i)2 + (r^,./M,)2 (5-i)2 + (r^,3/M,)2 



(5.62) 
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(5.63) 



l>.Pto-.A)^f,'Q^^-|(|!^g^ (5,64) 



\M\%i ^ AA) = yf + ''^ (5.65) 

3 (s - 1)^ + (rAi,2/Ms)^ 

Where the widths are: 

r„i,o = — M, ^ 0.075 M, (5.66) 

o2 AT 

r^i,o = Ms ^ 0.15 M, (5.67) 

47r 2 ^ ^ 

r,.. = 1^ + ^) - 0.045 Ms (5.68) 

r^i. = 1^ (y + ^) ^ 0-075 (5.69) 

q2 AT 

r 1,1 = r ,3 = ^ - M, ^ 0.038 M, (5.70) 

g '2 g 2 47]- 8 

and the right hand side was obtained by setting = /At: ^0.1, = 3, and Nf = 6. 

We now write the relative weights between exchange of an SU (N) and U (1) gauge bosons. 

u/« {N^-l){r^.j^J^ (^^^ = §,n = odd 

^l'' = im ivr #Trr ^ = 1 ^+(1^^ ^ (5.71) 

{N - i)(r,„.^,,) + (r^„.^,,) . 



w^ir^^ = 1 - Wl^7'' = iv/^"'Trrr ^ = J ^ - ^ (5.72) 
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{N^ - i)r 



(A^^ gn.] ^ggV gnJ T J ^ g gV J^Tl 



2 



I , Ti = odd 



1 , n = even 



(5.73) 



T jS^nJ _^ggT j^nj ^qq 



(N"^ l)TgnJ^ggTgnJ^qq -\-TylnJ^ggTy^n 



J , n - odd . (^5 74^ 

, n = even 



Where we put = 3 on the right hand side, and the decay widths are taken from sections 



6.2.4| and |6.2.5[ The weights are independent of n and J, they only differ for n = odd and 
n = even. 

Now we that we have seen the n = 1 case, we jump a httle bit ahead of time and give the 
prescription for arbitrary n and J. A general helicity amplitude will have the following form 



near a resonance of mass squared = s = n, see Eq. (6.11 ): 



Mr 



n) +i{T uj/Ms) 



(5.75) 



We wrote this with g""^ , but the same form will hold also for q 



nj 



The amplitude can then be squared: 



\Mr 



a2 \ ^ /^n,Ji ^n,J2 

/ J m,m' m,m' 

Jl,J2 



d'^^ d^^ 

m,m' m,m' 



S - ny + r nJi T nJ2/M^ 



(5.76) 



Eq. (|I.10|) shows that ci's are orthogonal, therefore the interference terms vanish in the 

A' 



total cross section: 



(Tr, 



^ dcosO 
I 32tts 



E(fin,J \2 
\ rrijin' J 



3271S 



2J+1 



n)2 + (r,„./M,)2 



(5.77) 



The amphtudes having exchanges of g""^ (as opposed to g"'^) have also the opposite helicity 
configuration A^^-m'- In this case, when the two squared amplitudes are added we get: 

-jJl jJ2 _l_ ( _r\Ji + J2 ^Ji ^J2 



\M m,rr 



a2 \ ^ /-in.Jx ^n,J2 
/ J m,m' m,m' 

Jl,J2 



{s -ny + r r /m. 



(5.75 
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Where Eqs. (6.28 



), (6.29) were used. 



5.2.4 Low energy limit 
References: [BIZIIIZS]. 

When the center of mass energy is significantly lower than the string scale, s << M^, the 
string amplitudes coincide with the standard model ones. In this section we calculate the first 
stringy correction to the standard model amplitudes. 

The Veneziano amplitudes can be expanded in powers of a' = 1/M|. To order a'^: 



St 



--ol%- ol\s + t)C(3) - 4^(4.2 + + 4t2) + 
st 6 36U 



lb 



st{s + t)C(3) - (s + t)(s' + st + t')C(5) 



a 



16 



r6 



TT" 1 

16s^ + 12sH + 23sV + i2st^ + IQt^) - -st{s + t)^C(3)^ 

15120 2 



+ 



a 



17 



—st{s + t){As^ + st + At^)C{3) + —st{s^ + st + t^)C{5) - (s' + st + t^)C{7) 
36U 6 



(5.79) 



We note that the a' correction vanishes. We will need only up to a ordei 



14 



Vt 



TT 



-SU 



a''' - [Ci3)stu]a'^ . . . 



Vu = I- 



IT 



-st 



a — [({3)stu\a 



/3 



TT 

l~6 



-tu 



a'^ - [C(3)stu]a 



/3 



14 



(5.81) 



In this equation, the a'^ correction can be shown to arise from the following effective lagrangian: 



Tr 



(5.80) 
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We write |A^p = |A^||j^j + A|A^p, where |A^||a,/ is the standard model squared amphtude 
and A|A^p is the first correction. The first corrections to the squared amphtudes of section 
EOare: 

• gg initial state 



A\M\'{gg^gg) = -2gX{'i)stu 



9 



3- 



tu us ts 



a 



/3 



A\M\'{gg^gA) 
A\M\'{gg^AA) 



24 



" y VA / 2j.2 I 2 2 I 2j.2n /4 

[s t + s u + u t ) a 



^\M\'{gg^qq) = ^ {u' + t')a'' 



gq initial state 



A\MWgq^gq) 



A\M\\gq^Aq) 



A\M\\gq^Bq') 



qq initial state 



3 

-2g^ 
9 



A .^2 ^ ^2^ ^,2 



/ 2 I 2\ /2 



(5.82) 
(5.83) 
(5.84) 
(5.85) 



(5.86) 
(5.87) 
(5.88) 



A\M\''{qq ^ gg) 
A\M\\qq^gA) = 
A\M\\qq-^ AA) -- 



4^2 



64^% 
27 



27 



(5.89) 

(5.90) 
(5.91) 
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A|M|'(gg ^ gB) = ^ ' ''^ ut{u^ + 1^) a'^ (5.92) 

9 

We note that for all the processes with a final state A, the first correction is a"^. The 
correction for gluon scattering is a'^, and all the rest are a'^ . 

5.3 Collider phenomenology 

References: ^mnHM^MM^^^^^UUniWMMMMMlM^MMl. 

The calculation of a cross section da is done by convoluting the partonic cross section 
da{ij — 7- kl) with the parton distribution functions of the two colliding protons: 



da = / dxa dxb'^ fi{xa,M) fj{xb,M) da{ij kl) 
The partonic cross section and the squared amplitude are related: 



(5.94) 



\M{tj^kl)f = 6471^3^ = levrs' ^ (5.95) 



A useful form for the dijet cross section is given in Eq. (G.23). The dijet cross section can 
thus be calculated in field theory and in string theory, using the squared amplitudes written 
earlier. As is well known, the field theory cross section is a smooth power-law decreasing 
function. The string theory cross section exhibits bumps at s = nM^, and these are clear 
signals of new physics. If the string scale is higher then the collision energy then these bumps 
cannot be seen, but smooth deviations from the field theory cross section can still be searched 
for (e.g. contact interaction searches). 

Another useful type of analysis are dijet angular distributions. Angular distributions are 
a sensitive probe of new physics since QCD dijets are more central (because of the t-channel 
poles) whereas new physics tend to be more isotropic. Most importantly, angular distributions 
are a way to probe exchanges of different spins. Therefore they can be used to differentiate 
e.g a bump coming from a spin 2 KK graviton, from Regge state exchange of different spins. 

The ratio i? is a useful measure of angular distributions: 







IZ/2 


< 0.5) 


i^(0-5 < 1 


yi\ 


\y2 


<i) 



R = , , (5-96) 
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It also has the benefit that systematic uncertainties, such as the jet energy scale (JES), tend 
to cancel in the ratio. 

It is very important that the following 4-fermion processes, which are non-universal am- 
plitudes, are suppressed at the LHC: 

q q ^ q q 

q q q q (5.97) 

The first process is suppressed because q has low luminosity in proton collisions, and the 
second process does not have s-channel Regge state exchange. Therefore, the universal (model 
independent) amphtudes will dominate the dijet signal. 



Looking at the squared amplitudes of section 5.2.2 we note the following things: 



1. The process p + p — > 7/Z + Jet has even resonances only from the partonic process 
gq — 7- Aq. This means that the even resonances of a 7/Z + Jet signal are a probe of the 
Regge excitations of the quarks. 

2. The process p + p — )■ W + Jet has resonances only from the partonic process gq — )■ Bq'. 

3. The process p + p-^'j/Z + 'j/Z has only odd resonances. 

Possibilities for collider phenomenology other then virtual exchange of Regge states in- 
clude: 



Direct production of a Regge state in the final state, section |9] and 
Multi-jets in the final state, beginning with the 3-jet signal. The squared amplitudes of 



[2] and section 7.3.3 can be used for this purpose. 



Phenomenology at a lepton collider or photon collider, |8]. For example the process 
7 -|- 7 — )■ 7 -|- 7 exhibits tree level Regge state exchange. 

Signals other then Regge states include: production of Z' bosons coming from the extra 



t/(l)'s of D-brane models (section 3.4 and [IQJ). Also signals arising from the presence 
of extra dimensions: KK and winding state exchange and production, miniature black 
hole production and Hawking radiation etc.. 
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5.3.1 Constraints from the LHC 

The most directly related limit is from the CMS experiment - exclusion of string resonances 
from dijet mass distribution with 1 fb~^: 



M, > ATeV 



(5.9J 



We list some additional constraints which have some relevance for us. 
• [92] CMS limits from dijets searches with 1 fb^^ : 

- Bound on the mass of excited quarks: 
Mq* > 2.49 TeV . 

- Bound on the mass of axigluons: 
M > 2.47 TeV . 



[75] CMS lower limit on quark contact interaction scale for left handed quarks via 
dijet angular distributions with 36 pb~^ : 

A > 5.6 -6.7 TeV . 

|lU5j ATLAS limits from dijet searches with 0.81 fb~^: 
- Bound on excited quarks: 
Mg* > 2.91 TeV . 
-Bound on axigluons: 
M > 3.21 TeV . 



ATLAS limits from dijet mass and angular distributions with 36 pb ^ 
(distributions measured up to ~ 3.5 TeV): 

- Exclusion of quantum gravity scales from Randall-Meade quantum black holes: 
0.75 <mD< 3.67 TeV . 

- Limit on quark contact interactions: 
A > 9.5 TeV . 

Another way to discover new physics is by measuring the couplings of the Higgs boson, 
which (Maybe) was recently discovered at the LHC |107l 1108] and Tevatron |109] . See for 
example |106j . 



60 



Figure 19: The full propagator. 

6 Decay widths 

References: [H [71 [191 122] • After the submission of this article, |103] appeared which deals 
with related issues. 

In this section we suggest several methods to compute decay widths of Regge states. The 
basic idea is that of [Tj , in which a tree level amplitude is factorized into two trilinear couplings 
connected by an s-channel resonance (see e.g the s-channel diagram of Fig. [TJ. This IS e.g 
similar to the tree level production of a standard model Z boson. In field theory, 1-loop 
corrections give an imaginary part to the amplitude which causes the resonance to decay. As 
we will shortly see, the optical theorem enables to compute the decay widths from tree level 
amplitudes. 

This technique is basically field theoretical. 1-loop amplitudes can also be computed in 
string theory. This is beyond the scope this work. 

6.1 Setting the stage 
6.1.1 The Breit-Wigner form 

In order to compare a squared amplitude to scattering experiments, the decay width of the 
exchanged particles must be taken in to account. Recall that the string amplitudes exhibit 
an infinite sum of poles of the type ~ g_^j\^j2 corresponding to exchange of Regge states with 
zero decay width. Higher order corrections will produce a finite decay width F, causing a 
Breit-Wigner softening of the poles: 



1 1 , 

The squared amplitude will then be 

^ {s - nM^y + (FM,)2 ^^'^^ 

We now derive this, following [73]. In field theory (for example 0^ theory) a tree level 
s-channel exchange of a resonance is of the form — Radiative corrections will remove the 
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pole at s = Mq. If n(s) is the IPI radiative correction to the tree propagator then the full 
propagator will be Fig. [19 



1 1 

+ - 



M2 



Ms) 



M2 



His) 



+ 



His) 



M2 



+ ... 



Ma 



+ ... 



s-M^- n(s) 



(6.3) 



(6.4) 



The physical mass is determined by: 

- Ml - Re n(M2) = 
Using the fact that near the pole we have s ~ M^, we get 
- Ml - n(s) = s-Ml - [Re n(M^) + Re II{s)'1=m^{s - M^)] + Urn Ili.M'^) = 

[1 + Re U{sy\s=A,p] {s - M^) + ilm Il{M'^) = 
Z-\s - M^) + Urn U{M^) = Z'^ [{s - M^) + iMV] (6.5) 
Where Z is the field strength renormalization and in the last equation we used: 



z- 



Im U{M^ 



We finally achieved: 



/lj2 



d^ko 



(27r)32Ei (27r)32E2 



\M\\Z ^ M2) = -Z''MT 



(6.6) 



M2 



s - M2 + iMT 



(6.7) 



6.1.2 Amplitudes in terms of the d-functions 



In order to exhibit the exchange of resonances, a given amplitude should be expanded in terms 
of the physical states, i.e states with a definite spin. Put differently, the amplitude needs to 
be expanded on the basis of Wigner d-functions. 
Therefore we write an helicity amplitude as: 



Mr 



or, 



= A^(12 ^ 34) = J]>1(12 ^ J* ^ 34) 
J* 

Mil2 34) = {34;e\M\12;0) = ^(34; ^|A^"^|12; 0) 



(6.8) 
(6.9) 



a, J 
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Figure 20: A particle (with spin in the direction of the blue arrow) decaying to 2 particles. 



Where, 



1 /M^ 

(34;^|M«^|12;0) = ^ nl;a3a, i^A/A.;aia. <-A.;A3-A4W (6-10) 



This equation can be viewed as the definition of the F's which are called collinear amplitudes. 
A general helicity amplitude will have the following form near a resonance of mass squared 



m'i = s = n: 



Mm,m' = n J^Ci <™'(^) (6.11) 

a J 

Where k contains constants, and t] is the color factor of the amplitude. The tree level string 



helicity amplitudes will be written in this form in Eqs. (6.30)-(6.36). 
6.1.3 Decay widths 

We now show how the decay width can be calculated from the F's, following [7|. 

Consider a particle at rest with mass M , spin J, and Jz = A, decaying in to two particles 



with helicities A3 and A4 moving in opposite directions along the z' axis (see Fig. 20). 
The S-matrix element for the decay is: 

S = i{2tiY5\P - P3 - Pa) {pz^za^i ; p^XM C |0, A, a) (6.12) 

The partial decay width into two particles with definite helicities and colors is: 

ni,.3a. = :^^^,jd^,d^.nP-P.-P.)5^{pl-nil)5^{pl-ml) 

X KpsAsas ; piXiaA\ C |0,A,a)|^ 

p* 



327r2M2 



dVl^ K-psAsas ; P4A4a4| C |0,A,a)|^ (6.13) 
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Where in the cm frame: 



M 
Y 



P* = \P3\ = \P4\ = 
Now expand |0, A) on spin states in the z' direction: 

|0,A) = 5^10, A') (0,A'|0,A) = di^,{e) |0,A') 

A' A' 

From angular momentum conservation: 

A' = A3-A4 

So we get 



■pa J 

■'- A3A4;a3a4 



= ^ I P"-^ 1 2 / rIO Irl-^ 



Since 



We finally get, 



dn \d 



A,A3-A4 



2J+ 1 



"paj 

A3A4;a3a4 



16(2J+ l)7rM 



I A3A4;a3a4l 



Summing over colors and helicites, 



TO J 



aj 



1 



16(2J+ l)7rM 



J |2 
A3A4;a3a4 I 



(6.14) 



(6.15) 



(6.16) 



(6.17) 
(6.18) 

(6.19) 
(6.20) 



A3,A4 03,04 A3,A4 03,04 

The total decay width of a particle is the sum, over all allowed final states, of the partial 
decay widths. 

6.2 Calculations of decay widths 

In this section, expressions for the decay widths of the quark and gluon Regge excitations will 

four methods to calculate the C's 



be derived in terms of the coefficients C^''^/. In section 



6.3 



will be suggested. 

We note that since we consider only initial and final states which are n = ground states 
(the standard model particles), the calculations do not include decays of Regge states into 
lower lying Regge states. 



64 



6.2.1 Amplitudes in terms of the d-functions 

Consider the foUowing 7 expansions, which will enable us to write our string helicity am- 
plitudes on a basis of angular functions which exhibit exchanges of particles with a definite 
spin. 



n-l 



ra-1 



u 



\{{u + K) = 

K=l 
n-l 

\[{u + K) = 

K=l 
2 

Hiu + K) 

n-l 

Hiu + K) 

=1 

n-l 

Hiu + K) 



K=l 



r3 ^ 1 n-l 



K=l 

„3-i n-l 
U2t2 



K=l 



^ 1 n-l 
U2 



J=0 
n+1 

J=2 
n+1 

XI '-^2/ '^2,2 (^) 
J=2 

n+1 

J=2 
n+1 

J=2 



r3 n-l 
t2 



^3 
S2 



r[(n + ir) = VC^'^ rfi 3(^) 

J.J. Z / 2'~2 2' 2 



ii:=i 



j= 



We can immediately obtain the following relations from Eqs. (1.7), (5.41): 



a 



2,2 



^2,1 



2,-2 



J+n-l Qn,J 



2,-1 



For this reason, in the following we will not explicitly consider C22 and C2 



We use the expansions Eqs. (6.21 )-(6.27) in order to rewrite the string helicity amplitudes 



(near a pole s n) on the basis of d functions. Eqs. (A.9), (A. 12), (A. 15), (A. 18), (A.20) 



(A.24) , (A.26) then become: 



A^o.o = 



n 



(n — 1)! s — n 



n-l 



a 



(6.30) 
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M2,-2 = 4/ 



n 



(n — 1)! s — n 



n+l 

E 

J=2 



^2,-2 "'2,-2 



8 ^ f^aia2a^a3a4a 



(6.31) 



n 



n — 1 )! s — n 



n+l 
J=2 



^a\a2a'-ra 



(6.32) 



Ml 1 

2 ' 2 



n 



Pa' 



n 



1)! s 



n 



' 2 ' 2 2 ' 2 



I^rpa2'-pai^a3 



(6.33) 



A^3 _3 

2 ' 2 



2/5 



(n — 1)! s — n 



n+i 



■^ 2 



O3 _3 US 3 
2 ' 2 2 ' 2 



^rpairp 



04 



(6.34) 



n 



n - 1)! 



n 



y C'i\ di 1 (6) 

' ^ 2 ' 9 2 ' 2 



(6.35) 



n 1 

'^dDpQ-, 7V7 7 

* m — 1 ! s — n 



7—^ 



O 3 3 U3 3 



(6.36) 



Where in the first three amphtudes, the curly brackets use shorthand notation in which we 
do not write that the upper row is n = odd and the lower row is n = even. 

All of these amplitudes contain: the simple pole angular dependence in the square 
brackets, and color factors on the right. 



Regarding Eq. (6.21), we would like to note that njt=i('^ + ^) when expanded as a 



polynomial in cos 6' has a definite parity (it is an even (odd) polynomial when n is odd (even). 



see e.g Eq. (6.82)). Likewise, rfoo(^) ^ definite parity since it is the Legendre polynomial 
Pj{cose), see Eq. ([L8|. It follows that: 



C, 



n=odd, J=odd 
0,0 



n=even, J=even 
0,0 







(6.37) 
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6.2.2 Plan for extracting the F's 

As we saw, the amphtudes have the foUowing the general form: 

1 



Mr 



K 



n 



(6.38) 



Where k contains constants, and rj is the color factor of the amplitude. In order to calculate 
the decay widths, we must first calculate the F's defined by: 

1 1 

— — \ ^ paj jpaj 1.J /n\ 

Jlfi s — n ' m;a^a4, ^m';aia2 "'m,m'\^) 



Mr 



(6.39) 



a, J 



This was written in Eq. (6.10), but now we use a slightly different notation in terms of m, m' 
instead of Ai, A2, A3, A4. 



Comparing the last two equations we get 



m';a:jaii m;aia2 



s Ia3a4aia2 m,m' 



(6.40) 



We need to extract the F's from this equation. If we have initial and final states which 
are identical, then m = ±m' and the color part factorizes into two equal parts: Ti'^^a4aic 
Va3a4 Vaia2- Then the two F's are equal and can be extracted: 



1012 



Fit... = Ms^,vla4 \/CL,±m 



m;a3a4 



in, J 



(6.41) 



This formula applies for A^o.o , M2-2 , Mi^i , M3 _a, M^fl , M^f\. 



Now we deal with M2-1 which describes g —> q q^, and obviously has different initial 

(6.42) 



and final states. From Eq. (6.40) we write: 



CLz(i4 2\a\a2 
7aJ 



r2 „/a ^ 



Mi K2 V. 



n,J 



a3a4aia2 2,-1 



In this equation, we know -^2.03^^ from Eq. (6.41) when applied to A^2,-2- 
So we divide Eq. (|6.42[) by F^.^^^: 



0314 



paJ Ila3a4aia2 
1\a\a2 



^2 ^03040102 



Va,a2 



a 



n,,J 
2,-2 



(6.43) 



After we calculate the F's from Eqs. (|6.43|) and (|6.41|), the decay widths can then be found 

(6.44) 



using Eq. (6.19): 



{m,m');a3a4 



m,m' ■,a3a4 I 



16(2 J + l)n^Ms 



Where we put: M = y/nMg. 
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6.2.3 Extracting the F's 

Using the techniques above we now extract the F's and F's. 

All of the decay widths will depend on the following combination of constants: 

y- 



n 



(6.45) 



(2J+l)7r {n-l)\ 

We also use the short hand notation: Fm and Vm thus omitting the obvious dependence on the 



other indices. Inserting the relevant r^'s and k's from Eqs. (6.30)-(6.36) we get the following 
F's and T's: 



m=0 



2gMs 



n 



n-l)\ 



r'nj 
•-"CO 



ca-ia2a 



(6.46) 



r.m=0 — 23^ Cq Q 



8-^ ^ 



(6.47) 



m=2 



(n- 1)! 



r^nJ 

'-'2,-2 



(6.48) 



m=2 



23^ c: 



nj 
2,-2 



^(J3(J4fi^a3a4a 



a'^aia-fa-i,aia 



(6.49) 



m=— 1 



02 



2,-2 



rpa 



(6.50) 



m=— 1 



3^ (C2-1)' f2T« T'^ 



16 C£:{2 



a2 

a.\a.2 OL\OL2 



(6.51) 



n 



{n — 1)! V 2'2 



(6.52) 



— Oil l^^^l^ 



' ao3 0:30; 



(6.53) 
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(6.54) 



r_3 = I Cr_s T^lT^^l^ (6.55) 



■2 " \/ m— i !V 2'2 



i^fJi = ^^^-^^/(^^ (6.56) 



" 2 



3 = 72,,, M.^^-^ yC|i;T-„ (6.58 
rifi. = ^1 C't. T-3T-„ (6.59) 



9Dp, y 

9 8 

6.2.4 Decay widths of the excited gluons 



We denote the Regge excitations of the gluon by see also Fig. 18 

The color index "a" will be omitted sometimes. The gauge symmetry is U{N) which is 
decomposed as U{N) ~ SU{N) x f/(l), hence we put a tilde in ^"""^ to remind that it is 
U{N). 

We denote the Regge excitations of the SU (N) gluon g as: 

ganj ^ (without the tilde), for a = 1, . . . , iV^ - 1. (6.60) 
Likewise, we denote the Regge excitations of the U{1) partner of the gluon A = as: 



The decay width for the process (7"""^ — )■ gg is the sum from all the helicity states, Eq (|6.20|): 



TganJ^gg " ^ ^^j^^^.^^^^ (6.62) 



2 

A3,A4 a3,a4 
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^1 2 3 J 
Gluon 



Figure 21: A plot in the n — J plane of the gluon Regge excitations g^"^ exchanged in gg — )■ gg. 
The gray dots are not exchanged in this process. 



The I is because of double counting or identical final state particles, see [7]. 



We get from Eqs. ( [6^ , ( [6l9| ), ( |6^ : 



TganJ^gg 



y 



nj 



^a-ia4,a^a'j,ai,a odd 71 

I Yja- a f "^"4af a3a4a^ ^^^^ ^ 



(6.63) 



The factor of 2 in front of C2^_2 is because it also counts 2- 



n,J=0 



In Eq. (6.63), for a given n it should be understood that: C2 _2 

n, J=n+1 



n,J=l 



and 



0,0 



Qo =0. Therefore, from Eq. (6.37) the exchange of any J 
only at n = odd, and that of J = 1 only at n = even, see Figs. [211 [22 



2-2 

particle occurs 



Using the identities from Appendix |F| we plug in the color factors for the six different 
combinations of SU{N) and U{1) fields: 



>99 



y 



CnJ I r)/^nj 
0,0 ^'-'2,-2 



nJ 




(6.64) 



y 



•-^0,0 



^'-'2,-2 



4Af 



(6.65) 
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Leading trajectory 

J=n+1 



Oyfl 2 3 J 

Gluon 

Figure 22: A plot in the n—J plane of the gluon Regge excitations g""^ exchanged in gg — )■ gA. 
The gray dots are not exchanged. 



(6.66) 



8N 





(6.67) 



(6.68) 



MA 



y 



2,-2 




(6.69) 



Figs. 21, 22 show the spectrum of the gluon Regge excitations g""^ which are exchanged 
in gg — )■ gg and gg — )■ gA respectively. In the process gg — )■ gA, A""^ are not exchanged at 
all. In the process gg — )■ A A only A^"^ are exchanged and g^"^ are not. This happens because 
^aoo _ (F.3). Processes with a gA or AA in the final state do not have n = even poles 

since f"'' = f^" = /°°° = 0, see Appendix Q 

Similar reasoning applied to qq — )■ gg and qq — )■ gA will yield a spectrum which is different 
only by the fact that now there no exchanges of spin J = 0, 1 (except for exchange of a 



massless gluon). This happens of course because of the absence of Cqq, Eqs. (6.32) and 
(|6T0|. 



71 



Proceeding now to the decay into gg, we have from Eq. (6.51): 




cases: 



(6.70) 

For the SU{N) and U{1) fields this gives an equal result since Tr(T"'T"') = | in both 



giiJ^qq — V An 



8 C,"-^ 



2,-2 



(6.71) 



The total g"'^ width is the sum from the four channels. After taking into account that 
there may be Nf quark fiavors, we get: 



TgnJ 



(c^rY [i 



2-2 



(6.72) 



Similarly for A^"^: 



1 8 ^ c^U 



fll 




UJ 


11 







(6.73) 



6.2.5 Decay widths of the excited quarks 

We denote the Regge excitations of the quark by g"*^, see also Fig. 18 



From Eqs. (6.53), (6.55) we have: 




(6.74) 



It is understood that: C2'\^ = and Ci'i "^"'"^ = 0. The factor of 2 in front of Ca'^s is 

2 ' 2 



because it also counts C 



2 ' 2 
nj 
3 3 ■ 
2 ' 2 



The gluon in the decay q""^ — )■ gq can be either a SU{N) or a U{1). Eqs. (F.17) ,(F.18) 
give: 



y 



C?-'i + 2CS 



'3 _3 
2 ' 2 2 ' 2 . 



2N 



(6.75) 
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Proceeding now to the decay into q' B (where B is the U{Ni,) gauge boson from stack 6), 
we have from Eqs. (6.57), (6.59): 



'B 



9Dp, y 

9 8 



rij 
3 _ 
2 ' 



£13, a4 



0,4 rjia^ 



(6.77) 



For the SU{Ni)) and U{1) particles 



9Dp^y 



(6.78) 



9Dp,y 

9 8 



1 



5 J 2 AT, 



The total q""^ width is the sum from all channels: 



(6.79) 



FgnJ 





q'B 






( 


8 


2 ' 2 2 ' 2 





/_B0 



AT 

.2"^ 2 



(6.80) 



6.3 Calculation of the coefficients C"^ 



m,m' 



In this section we suggest four methods to calculate the coefficients of Eqs. (6.21 )-(6.27). 
The C's can then be plugged into the expressions for the decay widths in sections 6.2.4 and 
[031 



6.3.1 Approach 1 



In this approach both sides of Eqs. (6.21 )-(6.27) are expanded in powers of cos^^ for a given 
value of n. For the left hand side this is done by plugging u = — 1[1 + cos 6*] and t = 
— 1[1 — cos6'], and expanding n^=\('^ + K). In the right hand side, the d's are calculated 



using Eq. (1.18) and using trigonometric identities are written as a power series in cos^. Then 
one compares both sides, and the C's can be extracted recursively starting from the highest 
power of cos 9 and proceeding to lower powers. 
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The calculated d functions are given in the tables of Appendix |Tj 

The process of calculating the C^'^^'s for = 1 ... 5 is shown in the tables of Appendix [j| 



Tables 18, 22, 26, 30, 34 collect all ofthe C's. 



• Notes on expanding the 11^=1 + ^) • 

The factor nxL\ ("^ + ^) appears in each of the 5 equations, and is a polynomial in cos 6 
of degree n — 1. For high n it may be helpful to simplify this factor as follows. 

n-l 

J] (ti + K) = - |[1 + cos^^] + l) ( - |[1 + COS0] + 2) ■ ■ ■ ( - |[1 + cos^] + n - 1 



K=l 



n COS + [n — 2] \ in cos 6 + [n — A\ \ ■ ■ ■ in cos 6 — [n — A\ \ in cos 6 — \n — 2] 



(6.81) 



The first two terms with highest powers are easy to sum, giving: 



n"-^ fcos^)"-^ 



"-'^^"-'-l^fcos^r-^ + 



6 



(6.82) 



In Eq. (6.81) we can cut the number of terms in half by multiplying the first term with 



the last, the second term with the next to last, etc... 
We get for n =odd: 



n-l 



n(^+^) 



K=l 



1 \ 



cos^ e -[n-2Y)[n^ cos^ 6 - \n - A] 



2 2 a 1 2 
n cos 6 — 1 



(6.83) 



for n =even: 



n-l 



K=l 



1 \ 



cos^ 6 - [n-2Y){n' cos' 6 - [n - A] 



n' cos^ 6 — 2^] ■ n cos 6 



(6.84) 
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6.3.2 Approach 2 

In essence, this approach similar to the previous approach but takes into account some things 
that simphfy the computations. The procedure for expanding the right hand side is simpli- 
fied by using known properties of the d functions, Namely that the d functions are simply 
proportional to Jacobi polynomials, and the power expansions of the Jacobi polynomials are 
known. As for the left hand side, the coefficients of the power expansion of n^^\(^ + ^) 
known to be the Stirling numbers. 



We start by noting that the power expansions of Eqs. (6.21 )-(6.27) are now done in terms 



of u instead of cos 6'. Plugging Eqs. (I.27)-(1.31 ) in Eqs. (6.21 )-(6.27) we get: 

n-1 



n-1 



n+1 



n(^+i^) = E^oV^r' 



u 



n,J p(4,0)| 



U 



K=l 

n+1 



J=0 



J=2 



V 7^ ^'-^ ' 

J=2 ' 



U) 



J2 cTi pf^^ 



/2 



.U 



Y.Cl'\ PffU^) (6-85) 

' ' 2 ' 2 ' 



All the factors on the left hand side that multiplied n^^\(^ + ^) S^t canceled. Therefore, 
the problem of finding the C's reduces to comparing H^^^l"^ + ^) with the five different 
Jacobi polynomials above. 

This procedure should be possible for for amplitudes with general helicity states {m,m'). 



We have using Eq. (1.23): 



n-1 


n— l+m 


Hiu + K) = 




K=l 


J=m 



(6.86) 



This can be used to calculate decay widths for a decay of a particle into excited states, as in 
the direct production of section [9j 

Lets continue to show how one can extract the C's. The power expansion of the l.h.s of 



Eq. ( |6.86D is from Eq. ( |H.26D : 

n-1 



l[{u + K) 



n-1 



K=l 



U 



(6.87) 



i=0 



As for the r.h.s, we recall Eq. (1.25): 



Pim—m'm+m') / « \ 



k 
p=0 



(6. 
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Defining, k = J — m, the r.h.s of Eq. (6.86) is now 

n-l 



n—l k 



Ef){k) ^n,k+m p(m-m',m+m')/ -\ _ NT^ \^ nC^^) n'^,k+m a (p) 

" ^m,m' ^k \^) — 2-^ Z^" ^m,rn' ^m,m' 

k=0 k=0 p=0 

Using J2k=o Ep=o = Ep=o Efc=p we get: 



u'' 



n—l n—l 



Q(fc) ^n,k+m A (p) 
/ J / J m,iri' m,m' 

p=0 k=p 



Comparing tliis witli Eq. (6.87), we get: 



n — l 



k=p 



-1) 



n—p 



p-1 



(P+1) 



A 



(p) 



Tfiese are equations for tlie C's. We can begin with p = n — 1 and proceed to 
C's recursively: 



C. 



n,n—l+m 
m.m' 



in) 



1 



a 



■n,n—2+m 



1 



(n-l) 



, in-2) 



n(n-l) ^n,n-l+m 



And so on... We see that the leading Regge trajectories are obtained first. 
So let us write explicitly the C's for the leading trajectory. 



From Eq. (1.26) we have 



A 



(n-l) 



■1) 



n-l 



(2n-2 + 2m)! 



{n - 1)! (n - 1 + 2m)! ri"-! 



Then Eq. (6.92) gives for the 5 combinations of {m,m'): 

.1 (n- 1)!^ n"-i 



a 



■n,n— 1 
0,0 



A 



(n-l) 
0,0 



(2n-2)! 



^n,n+l 
'-'2,-2 



„_i (n-l)! (n + 3)! n""^ 
(2n + 2)! 
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p.,„« ^ ,_y„-, <" - ^' + f (6,97) 



(2n + 2)! + 3 



cr:- = (-1)"-' '":^'"'r' (6.98) 

2'2 (in — Ij! 



2 ' 2 



For consistency, we checked these formulas against the corresponding leading trajectory 



results (up to = 5) from approach 1 (given in Tables 18, 22, 26, 30, 34 ). Agreement was 
found in all cases. 

Using these C's we can write the n dependence of the decay widths for the leading tra- 
jectory resonances. These are given in terms of the combination F ~ yC^'' as seen in e.g 



Eq. (6.63). So all that is needed is to multiply the previous 5 equations by 3^ ~ (2j+i)(n-i)! ' 
with J = n + const, and the constant is different for each one of the five helicity states. The 
large n dependence is seen to be dominated by the n" dependence of the C's. 



We also note the possibility to obtain a formal expression for the C's by reversing Eq. (6.86 ) 
using the orthogonality of the Jacobi polynomials: 



J ^ / (2J+l)(J-m)!(J + m)! 
' 22^+i(J-m')!(J + m')! 



m.m' 



/I n-1 
dx (1 - x)™-™'(l + x)"^+™'pj!'-'"''"^+"'^(x) n ( - J [1 - ^] + ^) (6.100) 
1 K=l ^ ' 

It is not clear though if this equation is useful for calculations. 

6.3.3 Approach 3 

This approach was inspired by |54j . 

Imagine that we have in our disposal the following expansion in which we know the A;,'s: 

i 

u' = J2 A? pI^-"^''"^+^'\u) (6.101) 

b=0 



77 



This is the reverse of Eq. (6.88). We plug this expansion into Eq. (6.87) and get: 

n-l 



n-l 



u 



K=l 

n— 1 i 



1=0 



(6.102) 



i=0 6=0 

Using ^.^0 Y.b=o = Eb=o 22i=b ' we get: 

n— 1 n— 1 
b=0 i=b 

Changing dummy variable to J = 6 + m we get: 

n—l+m n—1 



(6.103) 



(6.104) 



J=m i=J—iri 

Now this form can finally be compared with the right hand side of Eq. (6.86), yielding: 



' {J + m')\{J - m')\ 
{J + m)\{J - m)\ 



n-l 



(i) 



(6.105) 



i=J—m 



This is a closed expression for C^'*^/ for any n, J,m,m'. Obviously, the question is if we can 



find an expansion of the form of Eq. (6.101 ) 



6.3.4 Approach 4 

We take this from [49j. In this approach only the (m, m') = (0, 0) helicity state was taken into 
account, therefore only the Legendre polynomial appears. It might be possible to generalize 
such an approach to arbitrary helicity states, but we only have time to write what was done 
in jl9]. 

Putting a{s) = as + b, The partial waves are: 

a{J^s) = - dzA{s,t)Pj{z) =nh-^-^a{s){2aq'^y dxx^-''^'^-^ f{x)e-'' (6.106) 
2 j-i Jo 



Where the definition 
fi^aq'y) 



i-e-y 



-a(s)-l 



{aq^y)-'-"^Ij^.{2aq^y)e'>-^y 



(6.107) 
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and Ii{x) is the modified Bessel function. 

The partial width is found by taking the residue: 



r(n, J) 



2M2 



res 



[a(J,5)] 



So that r(n, J) can be calculated by taking derivatives. 
Defining 



r„(x) = 



{2n + l)\ 

The first 4 trajectories were calculated: 



(2x)^ 



r{n,n) = ^r„(M 



M2 

r(n,n-l) = ^r„_i(M 

5n 



On + 



n — 1 



1 



+ + a„(n - 1) + ^ 



1 

r(n,n-3) = ^r„_3(M;^ 



6„ , n- 



If o 3 2/ -.x (3n — l)(n — 2) n, 

gj^n + 2«n(^ - 1) + ^ f + g(n - l)(n 
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7 5-point amplitudes 



References: [SI ESI ESI [2] • 

5 particle amplitudes are 2—7-3 processes at colliders. Important signals at the LHC are 
pp — )■ 3 jets, — )■ 2 jets + EW gauge boson, pp — )■ jet + 2 EW gauge bosons and pp 3 
EW gauge boson . These amplitudes are one order higher than the 2 — )■ 2 processes. As in 
the 4 amplitude case, it is interesting to study the effect of a low string scale on the energy 
and angular dependence of such amplitudes. The ultimate goal of a collider is to help uncover 
the underlying theory. After the initial discovery of a resonance, for instance in the dijet 
signal, it will be useful to check other types of signals for confirmation, and for measuring 
the properties of the resonance. The 2—7-3 amplitudes can be helpful in this way. In this 
section we present the tree squared amplitudes in field theory and string theory, making it 
comfortable to compare the two. Then we write down the low energy corrections to the string 
amplitudes. 

7.1 Kinematics and definitions 

We define 

Sij = (fcj + /cj) = Ikikj ('^•1) 

then 

Sl = Si2 , S2 = S23 , S3 = S34 , S4 = S45 , S5 = S51 (7.2) 

Introducing the dimensionless units: 

Sij = CY Sij 

Si = a'si (7.3) 
We define the following kinematic functions that will appear in the squared amplitudes: 

^4 = ^4 

i<j 

= Yl (^^45^5 + Si^sl) (7.4) 

i=l,2,3 
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7 



Figure 23: 5 particle kinematics. Energy-momentum conservation enforces the 3 outgoing 
particles (in red) to lie in a plane. 

Energy-momentum conservation: 



= 



(7.5) 



1=1 



The momentum 4- vectors are usually parametrized as (See Fig. 23): 



h - 



1, sin 6* cos (f, sin 9 sin ip, cos i 



1, — sin 6* cos if, — sin 9 sin ip, — cos ( 



/C4 



;i, 1,0,0) 



2 



(1, cos 6*12, sin 6^12,0) 



1, cos 6^13, - sin 6^13,0) 



(7.6) 



Where 



cos 6^12 

cos6'i3 



1-2 



1-2 



Xi + X2 - 1 
X1X2 

a;i + a;3 - 1 
X1X3 



(7.7) 
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We define the following permutations (see |2]): 

Hs = ( (1, 2, 3, 4, 5)i, (1, 2, 4, 3, 5)2, (1, 3, 4, 2, 5)3, (1, 3, 2, 4, 5)4, (1, 4, 2, 3, 5)5, (1, 4, 3, 2, 5)e 



(2, 1, 3, 4, 5)r, (2, 1,4, 3, 5)s, (2, 3, 1, 4, 5)9, (2, 4, 1, 3, 5)io, (3, 1, 2, 4, 5, )n, (3, 2, 1, 4, 5)12 
n, = I (1, 3, 2, 4, 5)1, (1, 2, 4, 3, 5)4, (2, 1, 3, 4, 5)7, (2, 3, 1, 4, 5)9, (3, 1, 2, 4, 5)n, (3, 2, 1, 4, 5)12 



(1,2,4,3,5)2,(2,1,4,3,5)8 \ (7.8) 



The index running from 1 to 12 labels the permutations, and will help refering to them 
in a concise manner. The 12 permutations of lis appear in A4.{ggggg). They come from 
{n — l)!/2 = 12. The 6 permutations of lis appear in M.{gggqq) and they come from 3!. 

7.2 Field theory 

The 5-point amplitudes have historical significance as the gluon was discovered via e^e~ — )■ 
3 jets at PETRA. But also for a different reason. 

At the end of the 1970's the 5-point tree level QCD and QED amplitudes have been 
computed using brute force Feynman diagram techniques. The calculation is very difficult 
especially due to the large number of terms that have to be controlled. Later it was found 
that these amplitudes can be algebraically manipulated into a simple form which also exhibits 
factorization. This fact stimulated research during the 1980's which led to insights into the 
cause behind the simplicity, and led to the discovery of powerful methods for calculating 



amplitudes with loops and higher point amplitudes (See section 4.1). 

Considering QCD and QED processes not including leptons, we have the 9 processes in 
Table [7} The diagrams for the QCD processes are given in Fig. 24 All of the other processes 
can be obtained by crossing. 



Using the techniques and results of section 4.1, the 5-point squared amphtudes may be 



computed. For example, looking at Eq. (4.13), the gg — t- ggg squared amplitude can be 
written at once: 

E l-^l'(^l'^2,(73,^4,^75) ~ g^'S, J2 ^ (7-9) 

, f-f. , ^ S12S23S34S45S5I 

nelicities colors 
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gggQQ 





Figure 24: Classes of Feynman diagrams for the 5 particle QCD amplitudes. Each drawing 
represents all of the diagrams that can be obtained from it by permuting the external legs. 



QCD 


QED 


QCD+QED 


99 999 


qq ^ 


991 


Qq 999 


qq — )■ gg7 


qq g-f-f 


qq qqg 


qq' — > qq'^ 




qq' -> qq'g 







Table 7: 9 QCD and QED processes. 
In the next section we list the squared amplitudes in the compact form that was achieved 



m 



7.2.1 The squared amplitudes 

• QCD amplitudes 
We follow [74j, and write the QCD amplitudes. 



\MWg{ki) g{kj) ^ g{ki) g{k2) g{h)) = \MiWh, kj, ki, k2, ks] 



,27-2 



160 n 



m<n ''"I" 



perm. 



SijSjiSi2S23S3i 



(7.10) 
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\M\'^iqiki) q{kj) ^ g{ki) g{k2) giks)) = \M2\^iki, kj, ki, k2, ks) 



V ^3 

81 SiiSi2Si3SjiSj2Sj-i 



5_5.. _ 9( + Si2Sji ^ SilSjs + Si^Sji ^ Si2Sjs + Si3Sj2 



■Sl3 



'§23 



+ 



81 / 2Si3Sj3{SiiSj2 + Si2Sji) ^ 2SiiSji(Si2Sj3 + 5^35^2) _^ 25^25^2 (g»lgj3 + g^3gjl) ^ 



Sij \ 



S13S23 



S12S13 



S12S23 



(7.11) 



\Mnqih)q'ik^) ^ q{k^)q'{k2)g{k3)) ^ \M3\\{h,k,MM.k3) = 9 



e'^i^ij + "^12 + + -^jl) 



-5115^28435^3513523 



X Ci 



-C2 



-5j2 — Sji)(Sjj,-Si2 + SjiSj2 — Si2Sji) — Sj2( — SjjSji — Si2Sj2) — Sji{ — SijSj2 — SuSu) 
[Sij + Si2){SijSi2 - SiiSj2 - Si2Sji) + 2Sii Sj2 (-Si2 " Sji) + 2Si2Sji{-Sii - 5^2) 



(7.12) 



Where Ci = If and C2 



2T 



\M\^{q{ki) q{kj) ^ q{ki) q{k2) g{k3)) = IMil'^ik, kj, ki, k2, ks) = 
\M3\ {kuk2,k3,k4,k5) + \M3\ {ki,k2,k4,k3,k5) + g° 

"SjlSj2'5i2SjlSj3Sj3Si3S23 
X jCs {Sij + Si2){SijSi2 - SiiSj2 - Si2Sji) + 2SiiSj2(-Si2 - Sji) + 2Si2Sjl(-Sii - 5^2) 

+C4 {Sij + Si2){SijSi2 - SiiSj2 - Si2Sji) - 2SiiSj2{-Si2 - Sji) - 2Si2Sji{-Sii - 5^2) 

— 25jj(5ji5j2 + Sj2Sji) — 2Si2{SiiSji + Sj2Sj2) 



(7.13) 
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Where C3 = |f and C4 = ^. 

All of the QCD 5-point squared amplitudes can be calculated from |A^ip, |A^2p5 |A^3 
and |A^4p by crossing, as shown in Table ^ 





Process 
I] 123 




qqq'q'g 


qq' qq'9 
qq' -> qq'9 

qq q'q'g 
qg qq'q' 


lAlgp {ki,kj,ki,k2,k3) 
{h,k2,-ki,-kj,k3) 
|A^3p {ki,-ki,-kj,k2,k3) 
(-i)l-^3p iki,-k3,ki,k2,-kj) 


qqqqg 


qq qqg 
qq qqg 
qg qqq 


|A^4p {ki,kj,ki,k2,k3) 
|A^4p {ki, -k2, ki, -kj, ks) 
(-|)|A^4p {ki,-k3,ki,k2,-kj) 


99999 


99 999 


|A^ip {ki,kj,ki,k2,k3) 


(1(1999 


(IQ 999 
(19 (199 
99 (1Q9 


|A^2p {ki,kj,ki,k2,k3) 
(-1)1-^2^ {ki,-ki,-kj,k2,k3) 
(^)l-^2p {-k2,-ki,-kj,-k„k3) 



Table 8: The QCD processes which are related by crossing. 



• QED amplitudes 
We follow [31], and write the QED amplitudes. 

\M\'{qih) q{k,) ^ 7(^1) l{k2) 7(^:3)) = 2e'S3 '-^ (7.14) 



\M\\q{h) q{k,) ^ g'(fci) ^'(^2) 7(^3)) = 

S23S13 S23Sj3 S23Si3 8138^3 813813 8j38i3 J 8ij8i2 



85 



\M\\q{k,) q{k,)-^q{k,) q{k,) ^{k^)) = 

_e^/ Sl2 _ Sj2 ^ S21 ^ Sji ^ Sii _ Sjj 

2 V S23S13 S23Sj3 S23Si3 SisSjs SisSis SjsSjs 



SijSi2Si2Sji 



QCD+QED amplitudes 



\M\\qq ^ ^7 7 7) = ^^\M\'(q q ^777) (7.17) 



\M\\q{h) q{k,) g{kr) ^{k^) 7(^3)) = 2g'^S3 ^ (7.1^ 



SilSi2S2jSi3S3j 



\MWgg^g^^) = \M\\g g ^ g g 1) = (7.19) 

7.3 String theory 

References: We follow [2]. 

7.3.1 Generalization of the Veneziano amplitude 

The 5-point string amplitudes have been calculated (see [2]). The two universal amplitudes 
were explicitly shown to have the same stringy form factor. These amplitudes are expressed 
in terms of 2 generalized hypergeometric functions. 
The two hypergeometric functions are: 

= ! dx f dy x'^-^y'''~^{l-xf'{l~yy\l~xyy^-''-'^ (7.20) 
Jo Jo 

/2 = [ dx [ dy x'^y'^l-xY'il-yy^il-xyY'-'^-'^-^ (7.21) 
Jo Jo 
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Figure 25: Regge states exchange in the 5-point function. 



These two functions can be written as a sum: 



oo 1 rf— s + n) 



n=0 



n\ r(-S35) 



(7.22) 



n=l 



1 T{-S35 + n) 
n-l)!r(-S35 + l) 



B{s23 + n, §34 + 1) B{s45 + 1, hi + n) (7.23) 



The beta functions can be expanded as a sum of their poles (Eq. (5.29)): 

7is34,n-j) -fih5,n' -j) 



oo oo min{n,n'} 

fi = ^(^35, j) 

n=0 n'=0 i=0 



S23 + n hi + n' 



(7.24) 



oo oo min{n,n'} 



/2 = EE E 7(^35 - 1, J -1) 



l[S34,n-j) 7(S45,ri -jj 



n=l n'=l j=l 



S23 + ^ hi+ n' 



(7.25) 



Where 7(s,n) = So there is a sum over double poles implying exchanges of two 



(7.26) 



resonances, Fig. [25| 

We make the following definitions: 



= ■52S5/1 + ^(s2S3 + S4S5 - S1S2 - S3S4 - SiS5^ f2 



P^'\S,) ^ f2 



(7.27) 



Then a universal sub-amplitude can be written as (see also section 4.2.3) 



(7.28) 



mitring = niQCD = V^'\s,) - 2ie{l, 2 , 3,4) P^'Hs,) 



rriQCD 



(7.29) 
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Compare this with the 6-gluon case of Eq. (8.6) 



One difference from the 4-point amphtude, is the inclusion of the antisymmetric tensor 
It will be convenient to write the amplitudes in terms of: 



[12] [23] [34] [45] [51] 
C{ki^, k2^, k^^, ki^, k^^) 



(7.30) 
(7.31) 



From Eqs. (7.29), (4. 7), (4. 17) the two universal amplitudes can then be written as: 

mstring = tg^U)^ Cx (7.32) 

(7.33) 



= ^9'{IJrCx 

rustring = Iq^ {U)^ {qlf {ql) Cx 
Where /, J stand for the gluons with negative helicity. 

7.3.2 Squaring the amplitudes 

Written below are the two matrices that arise from squaring and summing over colors. The 
12 X 12 matrix Sxy corresponds to the permutations lis, and the 6x6 matrix Vxy to liq. 
The entries for the matrices are given in Tables |9] and 10 
From Eqs. (|45|) and ( |4.16D , 



ai,...,a5 



D 


X 


Y 


X 


Y 


-X 


X 


-Y 


Y 





Y 


-X 


X 


D 


-X 


Y 


X 


Y 


-Y 


X 





Y 


X 


-Y 


Y 


-X 


D 


X 


Y 


X 


X 


-Y 


-Y 


-X 


-Y 





X 


Y 


X 


D 


-X 


Y 


Y 





-X 


Y 


X 


Y 


Y 


X 


Y 


-X 


D 


X 





Y 


Y 


-X 


-Y 


-X 


-X 


Y 


X 


Y 


X 


D 


-Y 


X 


-X 


-Y 





Y 


X 


-Y 


X 


Y 





-Y 


D 


X 


X 


Y 


-X 


Y 


-Y 


X 


-Y 





Y 


X 


X 


D 


Y 


X 


-Y 


X 


Y 





-Y 


-X 


Y 


-X 


X 


Y 


D 


-X 


Y 


X 





Y 


-X 


Y 


-X 


-F 


Y 


X 


-X 


D 


-X 


-Y 


Y 


X 


-Y 


X 


-Y 





-X 


-Y 


Y 


-X 


D 


X 


-X 


-Y 





Y 


-X 


Y 


Y 


X 


X 


-Y 


X 


D 



(7.34) 
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V 



XX' 



Y„ Yn Zn 



Xq Dq Yq Zq Xq Yq 
Xn Yn Dn Xr, Zn Ya 



Y„ Z„ X„ Dn 



Yq Xq 



(7.35) 



Yn Xn Zn Yn Dn Xn 



Yn 



Yq Xq 



Xn Dn 



Group 


Ca 


Cf 


Na 


D/Na 


X/Na 


Y/Na 


SU{N) 


N 






Af4-4iV2+10 


2-N^ 


1 

8N 


2N 


16Af 


8N 


SU{3) 


3 


4 
3 


8 


55 
48 


7 

24 


1 

24 


SU{2) 


2 


1 
2 


3 


5 

16 


1 
8 


1 

24 


SO{N) 


N~2 


N-1 


N{N~1) 


{N~2){N^-2N+2) 


(Ar-2)2 


N-2 


2 


4 


2 


128 


128 


64 


SP{N) 


N+2 
2 


N+1 
4 


N(N+1) 
2 


{N+2){N^+2N+2) 
128 


(Af+2)2 
128 


N+2 
64 



Table 9: Group factors for Eq. (7.34). The SO{N) and SP{N) gauge groups are also included. 
From [2]. 





Dq 


Xq 




Zq 


[N]a , lN]i 


\nC%] lN]t 

L ^ -1 a 


[nc${Cf-^)]jn], 


\NCF{CF-^f] [N]b 

L ^ J a 


\nCf{Cp-^){Cp-Ca)\ [N]b 


[N]a=3 , [N]b=2 


128 
9 


16 
9 


2 
9 


20 
9 



Table 10: Group factors for Eq. (7.35). From j2]. 



7.3.3 The squared amplitudes 

We want to use a notation similar to the 4-point case, so we write the squared amplitudes 
with the f/(l) gauge boson from the color stack A, whereas [2] used 7. We also write B for 
the non-abelian gauge boson from stack b. 

• 5 gauge bosons 
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A.A'eng 



(7.36) 



See also Eq. (4.4) 



\M\'{A,,g2,g3,g,,g5) = Sg'^Q'^iN' - l)iN' - A) 



X 



|Cl — Cg + C7 + Cgl + — C3 + Cg + Ciol + IC4 — C5 + Cii + C12I 



(7.37) 



|Al|^(Ai,A2,^?3,^74,^?5) = l6g'Q\iN' - 1) 



\Cl — Cq + Ct + Cg — C2 + C3 — Cs — Clo + C4 — C5 + Cii + C12 



(7.38) 



|A^|2(Ai,A2,A3,^4,^5) = |M|'(Ai,A2,A3,A4,^5) = |'(Ai, ^2, A3, A4, A) = (7.39) 

• 3 gauge bosons + 2 quarks 



I-M^(^7l,^?2,^73,g4,g5) = 16/ ^3 (^aPaaC^ 



(7.40) 



A,Aen„ 



See also Eq. (4.15). 



\M\\A^,g2,g■s,q4,q5) = ^g'Ql[N]i 



N 



[N^ - l]a{\C, + C7 + + IC4 + Cn + Cl/^ - 2Re[ {C, + C7 + Cg) {Q + C*,, + C*,,) } 



\M\\AuA2,g3,q,,q5) = 8g'Q\[NUN^ - 1]^ S3 \ J2 C, 



(7.41) 



(7.42) 



Aen„ 
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\M\'\A,,A2,A,,q,,q,) = 16g'Q\[NUNlS,\yC, 



3 I 

Aen„ 



Ca 



y<UCFU\C2\' + \Cs\ 



Cp- 



\MWgi,g2,Blq^,q5) = ^2, ^3, 54, gs) 



\M\\A,,g2,B,,q^,q,) = 16gY,Q\[NCpUNCF]a S3 {€2 + Cs 



\M\''{A,,g2,Blq^,q5) = |A^|2(Ai, ^2, ^3, ^4, gs) 



[NCF]b^lNQ% 



7.3.4 Low energy limit 

From the expansions 



(7.43) 



(7.44) 
(7.45) 
(7.46) 
(7.47) 



f 1 ^fO\f^^ , , .^^.f . . . SI + S4S5 sl + S2S3\ , ,2^ 

/i = C(2) — + — + C(3) - Si + S3 + S4 + + + 0{a ) 

S2S5 VSs S2/ V S2 S5 / 



(7.4J 



/2 = C(2)-C(3)(S1 + S2 + S3 + S4 + S5) + 0{a'^) 



we have: 



1 - ^ (siS2 + S2S3 + S3S4 + S4S5 + S5S1 + 42e(1234)) 



Ci = C{ki,k2,k3,k^,k5 



[12] [23] [34] [45] [51] 



Cl — Cg + C7 + Cg 

C2 — C3 + Cg + Cio 

C4 — C5 + Cii + Ci2 



Si-s>0 









(7.49) 

(7.50) 

(7.51) 
(7.52) 
(7.53) 



So that Eqs. (7.37) and (7.38) can be seen to vanish in the field theory limit as required. 
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8 Higher point amplitudes 

References: In large parts we follow 



From section |4.2| it is seen that higher point universal amplitudes can be computed by 
generalizing the integral representation of the Veneziano amplitude to multiple integrals. As 
we have seen for the 5-point case, these integrals have the form of multiple hypergeometric 
functions. The n-gluon amplitude can be expressed in terms of generalized hypergeometric 
functions of the form: 













F 


ria 




/ dxi . . 


■I 








Jo 





N-3 



n—3 

n 

b=a 



X 



(8.1) 



There are (n — 3)! independent hypergeometric functions The number n — 3 comes, due to 
the PSL{2, R) invariance, from fixing three coordinates. 
For example for n = 4, 5 we have: 



F 


ni 




I 




. "11 . 







/ dxi 
Jo 



2F1 



2+S23+n 



S23+ni-i,-si2-ni 



S23+"-l 



;1 



S23 + ni-l 



(8.2) 



"'^^(n-3)! is also the number of independent string subamplitudes. The relations between the string subam- 
plitudes reduce to the Kleiss-Kuijf and BCJ relations in the field theory limit. This gives a neat explanation 
to why there are precisely (n — 3)! independent field theory subamplitudes. See [T71 [^. 
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and 



ni,n2 
nii,ni2,n22 

1 rl 




dxidx2 Xi 



3+S23+ni ™-2+si5+n2 



^0 



r(g23 + ni-2) r(gi5 +722-1) r(g34 + nu + 1) r(g45 + n22 + 1) 
r(s23 + S34 + rii + nil - 1) r(si5 + S45 + + ^22) 



X 3^2 



In section [7.3.11 we used the definitions: 
fi = F 



2,1 
0,0,0 



/2 



S23+n'i-2,si5+n2-l,-S35-ni2 
. S23+S34+ril+nil-l,Si5+S45+n2+n22-l 



3,2 
0,-1,0 



(8.3) 



■4) 



8.1 6 gluons 



Eq. (|8.l|) gives: 
F 



"11, "12, "22, "13 1^23, '^33 



1 /.I /.I 




dxidx2dx^x^ 



4+S23+"i „-3+a'(A;2+A:3+A;4)2+"2 „-2+si6+"3 



^0 ^0 



X (1 - a;i)"34+"ii(l - X2)'«+"^H1 - X3)'^«+''^^ 

X (1 - XiX2)''*'+"''(l - X2X3)"«+"2^(1 - XiX2X3)'^'^+''" 



As in QCD, the case of 6 gluons is more comphcated then 4 and 5 gluons due to the 
non-vanishing of the non-MHV amplitude (l''^, 2+, 3~, 4~, 5~, 6~) 
The MHV amplitude can be written as: 



fc=5 



m,t„„,(r,2-,3+,4+,5+,6+) = V^''\s,,U) - 2^Y,^kPlt\s^.t 



k=l 



m 



(6) 

QCD 



(8.6) 



In other words the stringy form factor is (see Eq. (4.47)): 



fc=5 



k=l 
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Compare this with the 5-gluon case of Eq. (7.29) 



Where the six functions Pf \ V^^'^ can be written in terms of six generahzed hypergeo- 
metric functions: 

= SgFs + (S6 + S2 + S5 - tl - t2)i^4 + (S2 + Si - S6 - tl)F3 (8.8) 



,(6) 



S&F2 - (Si - S3 + S5 - ti)F^ + (S2 + S5 + S3 - ^2)^4 + 
(S2 - S3 + S5 - S6 - tl + t3)-^3 + {Sl + S3 - S5 - t3)F6 



(8.9) 



^3*^^ = S6-F2 + (S2 - S6 - S3 - ti + t3)F3 - (Si - S3 + S5 - ti)F^ + 

(S4 + S5 - ti)Fi + (S3 + Sl - t3)F6 



^.10) 



,(6) 



S&F2 + (-S6 + Sl + S2 - tl)F3 + (S4 + S5 - tl)F4 - (Sl - S3 + S5 - ^1)^5 (8.11) 



P^^^ = S6F2 + (Sl + S4 - tl - h){F3 - F5) + (S4 + S5 - tl)F4 + (S3 + S4 - S5 - h)F5 



(8.12) 



V^(6) = t2[s2S6Fi-S2(Si-S5-t3)i^3 + (s4 + S5-tl){s6(F2-i^3)- 
(S3 - S5 + tl - t3)(i^3 + F4) - (Si - S3 + S5 - ^1)^5 + (Sl + S3 - S5 - t3)Fe} 

7:{s2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2Sk,)PI 



+ 

(6) 



+ 2^S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S^)P2 



(6) 



+ 2 (-5255 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5)P; 

+ 7t('S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5)P^ 



(6) 



(6) 



+ ^(S2S5 + S2S5 + S2S5 + S2S5 + S2S5 + S2S5)P5^^^ + S2S5P2^''^ + (S2S5 + S2S5)P3 



,(6) 



(6) 



(8.13) 
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Where, 



3,2,1 
0,0,0,0,0,0 

4,3,1 
0,-1,0,0,0,0 



4,3,2 
0,0,0,-1,0,0 



4,4,2 
0,-1,0,0,-1,0 



4,3,2 
0,-1,0,-1,0,0 

4,3,2 
0,0,0,-1,-1,0 



(8.14) 



8.1.1 Squaring the amphtude 



Having possession of the MHV amplitude we can square it and sum the colors as in the 5 gluon 
case. This time though, it will not be the full squared amplitude because of the non-MHV 
part. For n gluons there are permutations (after using reflection symmetry) giving rise 

to a ^'^~2^^' X -^^^y^ matrix: 



U5) 



ai,...art 



For 5 gluons it was a 12 x 12 matrix with 3 independent entries. For 6 gluons it is 60 x 60 
with 10 independent entries We calculate now the diagonal entry for n = 5,6. The diagonal 



is the term of leading order in 1/A^, and is relatively simple to calculate. Using the standard 
notation: (ai . . . a„) = Tr (T''^ ■ ■ ■ T"") , The diagonal term is: 

^(n) _ 'y ^ai...a„ |^^ai...a„j* _ 
ai,...a„ 

[(ai ...an) - (a„ . . . ai)] [(ai . . . a„) - (a„ . . . ai)] * = 

ai,...a„ 

2 ^ |^(ai . . . a„)(ai . . . a„)* - (ai . . . an)(a„ . . . ai) 

■■an 

2 ^ (ai . . . a„) (a„ . . . ai) - (ai . . . a„) (ai . . . a„) 



ai,...an 



(8.16) 



The first term gives the leading order in 1/A^, and has a closed formula for arbitrary n 



^Hn field t heo ry, the squaring of the amplitude is very much simplified by the use of the dual Ward identity 
(DWI) Eq. (4.6). In the squared amplitude, the ©(l/iV^) correction terms vanish completely for 4 and 5 



gluons (see Eqs. (4.9), (4.12), (4.13), (4.11)). This simplification does not occur in string amplitudes since 
these do NOT satisfy the DWI. The DWI follows by replacing one gluon with a photon and demanding that 
the amplitude vanish. Since in string theory the gluon can mix with the photon, the identity does not hold. 
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(see Eq. 25 of [43j): 



(ai . . . a„)(a„ . . . ai) 

ai,...a„ 



(iV2 _ 1)" + (_i)"(Ar2 _ 1) 
(2Ar)" 



(8.17) 



For n = 6 this gives: 



^ (ai...a6)(a6...ai) = (A^^ - 1) 



ai,...a6 



ATS _ 5Ar6 ^ loA^^ - lOA^^ ^ 5 



As for the second term in Eq. (8.16), we calculated it for n = 6 using Eqs. (F.27), (F.28) 
We got: 



^ {ai. . .aQ){ai. . .ae) = (A^^ - 1) 



+ lON^ + 5 
64iV4 



(8.19) 



ai,...aQ 



Plugging Eqs. (8.18), (8.19) in (8.16) gives: 



S 



(6) 
AA 



2(iV2 _ 1) 



64iV4 



(8.20) 



Notes: 



(5) 

We checked this procedure for n = 5 and got the correct value for the diagonal S^-^ as 
in Table M 



D = S 



(5) _ iV^^4iV^ 

AA - l^V ij 



f8.211 



This procedure can be continued for larger n. In general: 

2[n/2-l] 

'^S = ^Ar"-(iV^ - 1) k + E " 



j=i 



Where is an integer and [a] is the entire of a. See 



(8.22) 



8.2 n gluons: low energy expansion 

In [13] a method for obtaining the leading stringy correction to the n-gluon MHV amplitude 
was introduced. 
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The result is: 



(l - ^Q(")) mj) ^ + 0{a'') 



So that the stringy form factor is: 

^(^^^) ^ (i - ^gw) + 0{a 



For n = 4, 5, 6 we have: 



SlS2 



(8.23) 



(8.24) 



(8.25) 



g(5) = s^s2 + S1S2 + S1S2 + S1S2 + S1S2 + 4ie(l, 2, 3,4) 



(8.26) 



Q(6) = S1S2 + S1S2 + S1S2 + S1S2 + S1S2 + S1S2 + tlt2 + ^1^2 + tit2 + S1S2 + S1S2 + S1S2 

+4z[e(l, 2, 3, 4) + e(l, 2, 3, 4) + e(l, 2, 3, 4) + e(l, 2, 3, 4) + e(l, 2, 3, 4)] 



(8.27) 



See Eqs. (5.81), (7.50). 



For any n: 

E(f-l) E(f-l) 

Q^"^ = £ {[1142lfc}- E {[1142lfc-2} + CW+4z J] e{k,l,z,j) (8.2J 



fc=i 



fc=3 



k<l<i<j<N 



Where 



|_2[f + 1]|_2}, n>4, evenn 

2 



-{[lln^I^ln^}, n>5, oddn 



(8.29) 
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Figure 26: Direct production of one Regge state. 

9 Direct production of Regge states 

References: We follow 



Until now we considered amplitudes where the outgoing particles were standard model 
particles and the string states were internal states. When the center of mass energy of the 
colhsion exceeds the mass of the first Regge state, these particles may be directly produced 



as external particles (Fig. 26). In this section we write down the 4-point squared amplitudes 
for the direct production of one Regge state from the first excited level {n = 1). 

The external Regge states from the n = 1 level which appear in the amplitudes below 



are 



T7 



B{J = 2), $(J = 0), W{J = 1), Q{J = 1/2) and Q*{J = 3/2). Bo, $o, and Wo are 
the corresponding U{1) fields. The B particle should not be confused with the B particles of 
sections |7.3.3 and 5.2.2[ Note that W and Wo do not couple to purely gluonic processes at 



tree level. 

9.1 The squared amplitudes 
• gg initial state 



lA^Pto - ^ 'f(v^ + Vf + V;) '^-^'^""-f (9,1) 

lA^rto - ^ W^{V. + V. + VS '^-^>^ + ":,^'^"-^'' (9.2) 

4 V / stu 



^''There is also the particle n( J = 0) which does not couple to purely gluonic processes or to two quarks, 
thus it does not appear in the amplitudes below, does however couple to two gluinos. 
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+ + + 1 
stu 



(9.3) 



\M\\gg^g%)= ^^"QI + V^* + K 



2 + + + 1 

siu 



(9.4) 



\M\\gg^qQ) 



(s - 1) + (t - 1)^3 + {u- l)t 



t3 



stu 



(9.5) 



\M\'\gg ^ qQ*) = g' 



(s- 1)3 + (£- l)3n+ (u- l)3t 



(9.6) 



gq initial state 



\M\\qg^qB) 



16 



{ys-VuY + {l + ^){Vs + v^) 



stu 



(9.7) 



\Mnqg^qBo)= -^(K + K) 



[(5-1)2 + (m-1)2](£ + 4sm) 



(9.8) 



\MWqg g$) 



5 , 4Q 



+ u^ 



(9.9) 



l-Mp(g^7^g'fo)= -^(K + K) 



(9.10) 
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\M\\qg ^ qW) 



3/ 
16 



(K-K)' 



2 /5 



9 3 



(K + K)' 



(S-1)2 + (^_1)2 



(9.11) 



\M\\qg^qWo)= -^(K + K) 



;(s-l)^ + (^-l)- 



(9.12) 



\M\\qg^gQ) 



9_ 
16 



(£ - 1)3 + (m - l)3s + (s - l)3{i 



(9.13) 



IMl'iqg^gQ* 



' 4 



(t- 1) + (m - l)s3 + (s - 1)m3 



(9.14) 



qq initial state 



\MWqq -> gX) = \M\\qq -r gX) = -^-\MWqg qX){s u,u ^ t,t ^ s) (9.15) 
Where X = S, $, W^. 



|A^r(W qQ) =9^{ - T ^^IQ^n + Qsu? + + St\Qs 



+ 



12 L 



u 

"4 L 



st\Rst + Rst? + ut\Rst\^ + su\Rst\' \+ [s^u] (9.16) 
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\M\\qq^q'Q') 



su\ 



\Qsu + Qsu\^ + ut\Qsu\^ + st|4«n + {Q ^ R;u^t) (9.17) 



\M\\qq^qQ*] 



6 



(Mf - t) 
12 



SuiC^ -\- Qsu)iQsu ~l~ Qsu) ~l~ '^iQsuQ*su ~^ ^^Q suQ s 

t{M^ -t) , - 



. {st\Rst + Rst? + ut\Rst? + su\Rst\^) + ""^^t; VRst - sRst\^ \ + [s ^ u] 



(9.18) 



Su\Qsu + + + St\Qsu\^] + 



t(M,2 - 1) 



\u 



Qsu-sQsu\^ +{Q^ R]u^t)\ (9.19) 



Where we defined: 



Q,,„ = a'c-^^o / dxx~'-\l ~ xY''Zl^^^^{x)I{x,e^) 



R 



■s,u 



a 



'e<^- / dxx-%l-x)—'Zt,{x)I{x,e^,u^) 



R 



.s,u - a e— / dxx-'-\l - x)-''Z^^Jx)I{x,e^ 





(9.20) 
(9.21) 
(9.22) 
(9.23) 
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10 Summary 



The main computational part of this thesis is concerned with suggesting methods to calcu- 
late the decay widths of the Regge states, and with the formalism for treating amplitudes 
containing exchanges of higher spin particles. The decay widths have direct relevance to col- 
lider phenomenology and the LHC There is a question regarding the range of validity of the 
computations, since the methods are field theoretical. 

We discussed the property of equal form factors and emphasized the concept of universal 
amplitudes - string amplitudes which are completely independent of the geometry of the extra 
dimensions and the D-brane setup. The universality property is one of the most interesting 
aspects of certain classes of D-brane models. The existence of universal amplitudes is very 
important, particularly in light of the landscape problem of string theory. 

The field of string amplitude calculations is an interesting field of research irrespective 
of phenomenology. In recent years it has witnessed many developments, together with the 
field of amplitude calculations in gauge theory, supersymmetry, and gravity. From a different 
perspective, string theory is a distinctive example of a consistent higher spin theory. 

Another exciting feature, is the possibility to have a low string/gravity scale in type I or 
II string theory. This is done by hypothesizing that some of the extra dimensions are large. 
This has immediate relevance to LHC physics. 

Let us conclude by imagining a possible (highly idealized) discovery scenario: Bumps in 
the dijet crossection at a constant spacing of E'^^ are discovered at the LHC. The bumps are 
shown to arise from the universal amplitudes, and are conjectured to originate from string 
excitations. The angular distributions are analyzed and are found to correspond to exchanges 
of higher spin resonances. Further confirmation comes from similar bumps which are found in 
additional processes: processes with EW gauge bosons, the 3-jet signal, direct production of 
Regge states etc.. Also Z' bosons are discovered suggesting that the underlying gauge symme- 
try is U{N) ~ SU{N) X U{1). The signals are analyzed more closely and effects coming from 
the model dependent amplitudes (e.g quark scattering) are extracted. For example, traces of 
KK or winding states are seen. These model dependent signals help in discriminating between 
different string models. Later on, future electron and photon colliders can likewise discover 
similar signals, and perform precision measurements. 

We are eagerly waiting for results from the LHC and other experiments, and hoping that 
they correspond to new physics. 
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A 4-point helicity amplitudes 

References: pQ. 



We write the four point helicity amphtudes near an s-channel pole. We do the algebra of 
expanding the Veneziano amplitudes and simplifying the group theoretical factors. We recall 
that the (+ + ++) and ( — h ++) helicity amplitudes vanish, which leaves only the MHV 
amplitudes: ( — h H — ). The simple kinematics of the process ij — )■ kl give: 

{^J) = {kl) = 

{ik) = m = Vi 

{il) = {jk) = v^, (A.l) 
In the following, we use the notation A^m,m' for the hehcity amphtudes. 

A.l M[g,g,g,g) 

We have three helicity configurations: {m,m') = (0,0), (2, —2), (2,2). 
• Mofi = Migi gt gt) 



Moo = V(12)4 , Tr\T'''T''^T'''T''' +T''^T''^T''^T^'] 

^ ^ ' \ (12) (23) (34) (41) L ^ J 

(14) (42) (23) (31) L ^ J 



'J^^^J^a.irpa3rpa2rpa4 _j_ rpa4rpa2rpa3rpai~^ \^ 2^ 



(13) (34) (42) (21) 

Note the (4 — 1)! =6 permutations, and the reflection symmetry: m(l, 2, 3, 4) = m(4, 3, 2, 1) 



Eq. ( A.l ) gives 



Moo = 4(;^ J Tr rT"^T°^T"^T"* + T^^T^^T^^T^^l 

c 

_| J^j. ^J-^a2J-^airj-^a3rj-ia4 _|_ rj-ia4rj-iasrj-iairj-ia2'^ 

t 

ut ^ J 
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Using (Eq. (fpTl)): 



Vt > 



{n — 1)\ s — n 



n— 1 



U 



Hiu + K) 



K=l 



(A.4) 



Vu 



{n — 1)\ s — n 



n— 1 



i\[{u + K) 



K=l 



gives: 



Mo, 



(n — 1) \ s — n 



71-1 



K=l 



X 



Tr 



(A.5) 



n 



(n — 1)! s — n 



n-1 



Tr({r'^i,T'^2}{ya3^2-a4|j^ oddn 

2-^Q2-ai^2-a2j[2-a3^7-a4])^ eveil 72 



(A.6) 



We see that near a pole, the amphtude has the nice property of being factorized as a color 
part times a kinematical part. 
Using (see Appendix [F]) 



(A.7) 



(A.8) 



finally gives: 



Mo,o = W 



n 



[n — \)\ s — n 



n-l 



X[{u + K) 



K=l 



^aia2a^a3a4a even 71 



(A.9) 



The minus sign in the following equation (which is valid near a pole s — )■ ra), see Eq. (5.40) 

u 



-IT-' - K 



(A.IO) 
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and the fact that the amphtude contained only the combination [uVu x color + tVt x color) , 
caused the even (odd) n resonances to contain only f"-^"-^"-'-^ (^^aia2a-iy This will happen also for 
the amplitudes: A^2,±2 and A^2,±i- f'*^'*^'*^ vanishes when at least one of the indices are U{1) 



fields, Eq. (F.14). Therefore M.0,0, -^2,±2, and M.2,±i will not have exchanges of n = even 



resonances for these amplitudes. 



M.2-2 can easily be obtained by crossing (s ^ t) of Eq. (A.3): 



^g2 ^ J^j, \^airpa2rpairpa4, _|_ '-pa2'j^ai'-pa4'-pa3~^ 

_| ^ rp^Yrpa\rpa'irpa2rjna4 rpa-irpairpa4rpa2'] I 

us ^ J 



(A.ll) 



So that: 



M 



2,-2 



^9' 



n 



{n — \)\ s — n 



rt— 1 



K=l 



8 Y.a d'*i"2ajja3a4a^ 

-^01020-^03040 even 



n 



n 



(A.12) 



Note that this is equal to Eq. (A. 9) multiplied by 



• M2,2 = Mig^ gt ^ gt Qi) 

M.2,2 can easily be obtained from the previous equation by the substitution ^ — )■ ^ in 
the square brackets: 



M 



2,2 



^9' 



n 



1 



{n — 1)\ s — n 



u 



n-l 



\{{u + K) 



K=l 



^01020^03040^ odd n 
^01020^03040 even n 



(A.13) 



A.2 M{g,g,q,q) 

We have four helicity configurations: {m,m') = (2, —1), (2, 1), |), (|, — |). 
• M2,-i = M{q^ qt gi gt) 
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M2,-i = 2gH 



'^3(23)(24) 



i V 
s s 



^2g 



2C/34 



f V 
S S 



n 



{n — l)\s — n 



Ct4 



1,3 n-1 



l[{u + K) 



K=l 



= 2/5; 



/93" 



l)!s 



n 



1 , 3 n-1 



K=l 



X 



{2-ai^2-a2|a3^ odd n 
[T^ST^^j^s evenn 



So we get: 



M 



n 



2,-1 



^ /^^n-iy. s-n 



1,3 n-1 



K=l 



Eaf"^"^"ra"3a4' even 71^ 



(A.14) 



(A. 15) 



• M2,i = M{q2 qt -^gt 92) 

1 3 

M.2,1 can easily be obtained from the previous equation by the substitution ^^^|^ 
in the square brackets: 



M2,, = 2g^8^,t 



n 



(n — 1)! s — n 



, 1 3 n-1 



l[{u + K) 



K=l 



?3 9i ^Qa gt) 



• A^i,i = M{q^ gl 
Can be obtained by 

This gives: 



4Ead'^^"^"^:3«4' oddn 

Eaf'^^'^^X^aa^' ^ven 71 



1 3 



(A.16) 



crossing A^2 -i , . . ^ 

' 2'2 



V Ml 1 : 

2 ' 2 

I"! -Vs + (T"^T«i)^3 _i 



Xi 1 

2'2 



(-l)-^2^^5; 



n 



/'3 Cr). - 



n — 1)! s — n 



1 n-1 
?i2 



0.4 



(A.17) 



(A.18) 
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Mi _3 

2 ' 2 



M{q4 gt -^qt 92) 



Can be obtained by crossing M.2 -1 > M..i 3 : 

2 ' 2 



Mz „3 

2 ' 2 



2^/34 
/33 



u 



u 



Mz _3 

2 ' 2 



^3 (n - 1)! s - n 



, 3 n-l 
t2 



3 

S2 



"4 



Note that this is equal to Eq. (A. 18) multiphed by (— 1) 



1 

SM2 



A.3 M{g,g,q,B) 

We have four hehcity configurations: (m, m') 



(2,-1), (2,1), (li), (I, 



(13)^ 



(23) (24) 



Q4V^ 7/33 



Which exhibits no poles since Vg does not. 
• = M{q^qt^gt B^) 



lai \a3 (rpa2\lii 



^Pb^ \l f Ja4,\^ J/33 



v.. 



Which exhibits no poles. 



M?l = M{q, g^^qt Bt 
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Can be obtained by crossing A^2^i M^fh 

' 2'2 



(A.23) 



n 



'^9Dp.g , . 

[n — l)\s — n 



1 n-l 

MS 



S2 



/!:=i 



ft 



• Air 3 = M{ql gt ^ ga"- ^2") 
2 ' 2 

Can be obtained by crossing Ai^^li '^^"> A^a^l : 

' 2 ' 2 



(A.24) 



(A.25) 



3 _3 
2 ' 2 



'' [n — ly. s — n 



,3 n-l 
t2 



3 

S2 



JC=1 



/T-iai\a3/rT-ia2\/34 



(A.26) 



Al 1^1 and M.^f\ have the same structure as Ali 1 and Als _3 apart from the color factors 

2'2 2'2 2'2 2'2 

and the replacement oi g ^ goj,^- 



108 



B Calculation of M.{ggqq): a detailed example 

References: This calculation was given in [T]. We fill in some of the details. 



The goal of this section is to illustrate the details of a string amplitude calculation using the 



techniques of sections 4.2.1 - 4.2.3 In section 4.2.2 we showed a derivation of the 4-tachyon 
amplitude. Some of the new features which will apppear in this section are: correlation 
functions of world sheet fermions, color factors, and polarization vectors. 



Recalling Eq. (4.24), we begin by calculating the correlation function of two quarks and 



two gluons using the equations of Appendix [Cj In the start we do not write the color matrices 
and coupling constants, but they will be inserted afterwords. 



From Eqs. (C.2)-(C.5) we have: 



^^3 



(Z2) ^-0(^3/2) ^-<l>(zi/2) 



'2a' 

r ^ 

X i{ i,,{z2) S^,{z^) S'^^z^) ) ( dX>^{z^) J]e*-^(^>) ) + 



) 



i=l 



2a' { {h-iP{z^)) r{z^)Mz2) S^,{z^)S^\z,) ) (J]e*-^(^>)) 



i=l 



(B.l) 



From Eqs. (D.13), (D.14), (D.17)- (D.24), this equals: 



(...) 



'2a' 



-3/4/ -1/2 -1/2 -1/4 
= ^34 1^23 ^24 ^34 



)n 

Kj 
4 



1 2a fcj kj 



r=l 



Zi — Zr 



2a'h,[2zl^zl,Z2,Z2,Y"'{^{a''a^<y^) + 



Zl3Zi4^ 



^P^jM ^13^24 ^ ^^^^p 2:132:24 1 



2:12 



2:12 



M4 

(B.2) 
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(...) 



Kj 



\ ~^ Zi — Zr <- ^Zi3Zu Zii Z12ZU Z12Z14 ^ 

The two terms with — cancel each other 

Zll 

4 

(...) = {z23Z24Z34y 1^1% 

i<j 

1 



Z24 \ 



■ U4 

(B.3) 



^12 '1:5 '11 ^12^14 ^12^14 



terms from the sum 



^ ^13^14 



(B.4) 



Now we make the choice Z4 — constant — > 00. This has the effect of making the third 
term vanish, and Ylt<j 1% ^"'''''^^' — const ■ 1-2121*1-2131*1-2231"- We get: 



(...) 



Ct' kl2n2;i3|*k23rk23| ^ 



X 



—C2p{iik2) + —^2p{iik3) - —Cip{i2ki) + — A:ip(ei6)l {usaPu^} 

Z12 Zi3 Z12 Z\2 -I 



1 1 



+ ^1aCim6p(«3(7^CT^(t'''U4) 

^ ^13 



(B.5) 



Now we can set Zi — Q and ,23 = 1, and get: 
(...) = 2a'gD,^9D,^ 42^4^^ 

6p(6^2) - 6p(6^i) + ^ip(66) + ^12 6p(6^3)] (uscr'^u^) 

+ ^k,^^,^^2p{u3a^aW4) 



X 



(B.6) 



no 



Where we have inserted the couphng constants. 
Integrating over we get: 

(...) = -2agD^jD^y /C B{s, u) 

Where /C is a kinematic factor: 

/C = { [fcip(ei6) - 6p(6A;i) + 6^(6^2) - \^2p{^ih)\ {u^a^u,) - 



(B.7) 



Is 
2 t' 



(B.8) 



If both gauge bosons are from stack a, then there are two permutations that should be 
considered. After inserting back the color matrices we have: 



-2aV/C 



TriT^'T'^-'T'^^T^l) B{s,u) + Tr{T''^T''^T'^^J^l) - B{s,t) 



Pa "4 ' 



U 



(B.9) 



Where g = qd^^ ■ 

On the other hand, if the gauge bosons are from two different stacks a and b, then there 
is only one permutation which gives: 



= -2a'ggD,^ICTr{T^Tg^T'T^t) -B{t 



u 



(B.IO) 



Choosing k2 as the reference momentum for and ki for ^i, it is seen that /C vanishes if 
^1 and ^2 have the same helicity. If they have opposite helicity, we use the following identities: 



(B.ll) 



Ct(^ih){u3a''u,) = —(13)2 [23] [24] 
as 



i2,{ith){u,a^u,) = —(23)2 [13] [14] 



see Eqs (E.18), (EL25) ), and obtain 



(B.12) 
(B.13) 



M{gT,gt,qs,qt)=2g'6'pl 



f 11 



(B.14) 
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Where B is the vector boson from stack h. We clearly see a factorized form of a 
model sub-amplitude times a Veneziano ampltude. 
We square the amplitude 



f 1 ' 

US . 2 5 



\M\\g^,B^,q,,qt)=4glglJ2Tr{T^Tn Tr{T'T') - 

a,b 



Using 



2N 



We get: 



\MWgg qq) = g 



2N 



1 2N'^ 
-(tVt + uVuf-——VtVu 
ut JS"^ — 1 



Which for = 3 colors coincides with Eq. (5.45), and 



\M\\q<i ^ gB) = -g' \T^,\'Q\ 



ut 



V 



Eq. 
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C Vertex operators 

References: [H 121 EDI EB] • 
C.l Massles particles 

We list below some vertex operators for massless fields. We supress the z dependence of all 
the fields (for example ip'^ = ip^{z)). The coupling constants are: 

= (2a') '/'a"/ V^"/' , 9^ = {2a'f'^e'i'-^'^ (C.l) 
Gauge bosons in the (—1) and (0) ghost picture: 

vi:^H^,e,fc) = 9a[TT.\ e-^e^.e-'-'' (C.2) 



These are independent of the internal part of the SCFT. 

Chiral fermions (These depend on the internal field S"'^*): 

r(-^/')(z, u, k) = g^[TX\ e-*/^«^^AS'^^V^-^ (C.4) 



Vl^"^{z, k) = g^lT^l e-^/^n.S^S^^V^-^ (C.5) 



Gauginos: 



Vl:y^\z, u, k) = g^[TTo^^ e-fl'u^S^T.'e'^-'' (C.6) 
Vl:)'^\z, k) = g^lTTc^l e-^/'u,S'f:'e''-'' (C.7) 

Adjoint scalars: 

Vj-Piz, k) = g^[Tr.\ e-'^v^V^'^-^ (C.8) 
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Chiral scalars: 



(C.9) 



(C.IO) 



C.2 First excited state 



X 



(C.ll) 



We list below the vertex operators of the first excited state of the open string. These are used 
in section [9l 

C.2.1 Bosons of the NS sector 

InD = 10: 



V;,-^liz,k) = 4^T'^e- 



'2a' 



Jk-X 



(C.12) 



In D = 4 we have: 



Spin J = 0: 



9a 



2V2a' 



{g^, + 2a'k^k,)tdX^r + 2a'k^dV ± -2a'e^,p^k^,lj^^rr 



Jk-X 



(C.13) 



Spin 3 = 2: 



Spin J = 0: 



Spin J = 1: 



'2a' 



ik-X 



Vi-'\z,^,k)= g^l^T'^e-%rJe"'-'' 



'a' 



(C.14) 



(C.15) 



(C.16) 
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C.2.2 Fermions of the R sector 

InD = 10: 

In D = 4: 



-(t>/2 ik-X 



(C.17) 



Spin J = 1/2 and J = 3/2: 



tv^^dX^" -V^'p'^iji,ilj''af 5';3e"'^/'S"^'e*^ (C.18) 



(C.19) 



For J = 1/2: 



'a' 



v%{J^l/2) ^ -^X^ia^kf^ , p^(J=l/2) 
While for J = 3/2: 



6V^ 



(C.20) 



vl{J = 3/2) = xl , such that x^<^ = ^^Xd = 



= 3/2) = ^ ^/^x^a^ 



(C.21) 
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D Correlation functions 

References: [21 dj [701 EB] • 



D.l An example calculation 



We rewrite the definition of tlie correlation function Eq. (|4.24|): 
{V{zuh)---V{z, 



(D.l) 



We now calculate the correlator for a chain of tachyon vertex operators V{zj^kj^ 



^ikj-X{zj) . 



J VXexp - j d^zdX ■ dX^ exp ^ ■ X{zj)^ (D.2) 

This is a gaussian integral which is computed as: 
j VX exp (^^-^ j £zX ■ ddX + iJ -X^ ^ exp J (fzd 



^^^^z'J{zrz)^J{z\-z') 



The operator i is the propagator G{z, z'; z') which obeys the equation: 

ddG{z, z, z'\ z') = 5{z — z' ,z — z') 
Since we are in two dimensions, the solution for open and closed strings is: 
G^'^°""^\z,z-z\z') = -\n\z-z'\ = Ig^"P'''\z,z;z',z') 

TT 2 



Since, 



Ji^, ^) = Y1 ^^^^^ ~ ^i' ^ ~ ^J'^ 



(D.3) 



(D.4) 



(D.5) 



(D.6) 



Eq. (D.3) gives the result: 

^gifci-X _ _ _ ^ikm- X \^(closed) 



exp ■ 1^ -^i\)=\{\^3- ^/l"''^'"' (D.r) 

^ 3,1 ^ i<i 
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(e^*^i-^ . . . eifcm-^)(open) ^ -|-|- 1^^. _ ^^|2a'fc,..fe, ^ 

D.2 List of some correlation functions 

We list some of the correlation functions of the SCFT fields which appear in the calculation 
of 4 and 5 point amplitudes. We define Zij = Zi — Zj. 

• X^iz) 



{X'^iz,) X''{Z2))= -2a'6>'''ln{zi2) (D.9) 
{dX^iz,) X^{Z2)) = (D.IO) 

{dX^{z,) dX''{z2)) = — (D.ll) 



i<3 



{dX^'{zA)dX''{zB)\[e''''-''^'^'^) = (-4q;'V — 2a'^) (f[ e^*^^'^^^')) 

(D.15) 
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(e-<^(^0 e-*(-^)/2 e-^(-3)/2^ ^ Zu^'z-.'/'z.^^' (D.17) 



-</.{^i)/2 g-</.(^2)/2 g-9i(23)/2 ^-<i>{zi)/2^ ^ (D.18) 

{Z12Z13Z14Z23Z24Z34) 



^^(z) and Sa_{z) 



{r{z{) r{z2)) = — (D.19) 
Z12 

(rizi) S^iz2) S^izs)) = (2;2i2;2i3)"'/V^ (D.20) 



ii^^iZi) ij''{z2) Ip^iZs) Saiz4) S a{z^)) = {2Z14Z15Z24Z25Z34Z35) ^^'^ 



X \ ^(a^aV^) + r/'^V^^ - r^'^V^^ + r/'^V^^j (D.21) 

2 2^12 ^13 ^23 J 

^^(^,)) = (D.22) 
^12 

= % (D.23) 
^12 



( ) = zl^l' (D.24) 

( S^^^(^3) ^'=^'^(^4) ) = ( )'^' /p ({^,,}; e^') (D.25) 



^2:12^13 



Where J is the field in Eq. ( [Cl6l ). 
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E Helicity notation 

References: We follow: [33 SI]- 



We review the spinor helicity formalism. 

Massless fermions with a definite helicity, which solve Dirac's equation are 

u±{k) = ^{l±-f,)u{k), v±{k) = ^{lTl5Hk) (E.l) 
These are chosen as follows 

u+{k) = v^{k) = -^{Vk^, TFe'^S Vk+, TFe^^-) (E.2) 

u_{k) = v+{k) = -^{Vk+, -TFe^'^S -Vk+, TFe^'^'^) (E.3) 

where 

fc± = ± e±*^^ (k) = h^lt (E.4) 

Introducing the notation 

= u±{ki) = v^{ki), = u±{ki) = v^{ki) (E.5) 

we get the products 

{ij) = = u.{h)u+{k,) = - ,/ktkJe''"'^ = ^J\^\e'^^^ (E.6) 

[zj] ^ {i+\r) = u4h)u4k,) = -^k^e'^-^ + ,/ktk^e''"'^ = -y^e-^<^-- (E.7) 
where 

Sij = {h + kjf = 2ki ■ kj (E.8) 



ftj ft • ft • ftj . ftj ft • ft • ftj 

cos0jj = — -, sm0jj = — ' - (E.9) 



\J\sij\kfk'j 



119 



Lets write down some useful! identities 

{ijm-sij (E.io) 

Antisymmetry 

{ijy = -M = [ji] (E.ll) 

Schouten identity 

{ij){kl) = {tk){jl)-{tl){jk) (E.12) 

Fierz rearangement 

{^^b,\J^){k^m^) = m{lJ) (E.13) 
Identities involving the anti-symmetric tensor e{i,j, I, m) = e^^c^pk^kjkfk'^: 

{ij)\jl]{lm)[mi] = ^ [sijSim - suSjm + SimSji - 4ie{i,j, I, m)] (E.14) 

[ij]{jl)[lm]{mi) = - [s + 4te{t,j,l,m)] (E.15) 
Subtracting the last two: 

4ie{i, jjljUi) — [ij]{jl)[l'm]{mi) — (ij) [j7] (/m) [mi] (E.16) 
Momentum conservation 

J](m)M = (E.17) 
A spinor representation for the polarization vector of a massless gauge boson: 

Where k is the momentum of the gauge boson and q is called the reference momentum. 
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We write down some identities involving polarisation vectors. In each one, the expression 
after the arrow is obtained by choosing the reference vectors qi = k2, q2 = ki as in Appendix [B| 
This choice causes much simplification. 



Where we used Eq. (E.13) 



(^2, ^2) [u{pa)Yu{p3)\ = - V2 ^-^-^ > - V2 ^-^-^ (E.25) 
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F Color factors 



References: [H 121 El ES] • 

We collect in this appendix group theory results and color sums. We write f"*"^ and 
^abc typewriter text because d and / are already in use as the Wigner c?-functions and 
hypergeometric functions. 

The symmetrized trace is defined as: 

STr{T''^ ■■■T"") = -^^rr(r''-i ■■■T''-") (F.l) 



Proceeding: 



iaia2a3 



STr{T''^T''^T''^) (F.2) 



l^nas ^104 1 _ ^ ^ ^ ^a3a4aya (F 5) 



V d"^"d"^^ = (F.6) 

^ 16iV ^ ' 

6,c=l 



a,f),c=l 



ai,a2,a3,a4=l 



2 V d"^°d"''° = (F.9) 

b=i 
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N'' — 1 



8A^ 

b,c=l 



^000^000 ^ _L (F.ll) 



"^'-^ TV 

11,02,03 = 1 



pofcO _ j:aOO _ j:000 



2Ar 

a a=l fl=l 



(F.14) 



a 

For the adjoint representation [Cr — Ca) of 5'C/ {N) this equation gives: 

fai6cfa26c ^ 7V5«i»2 (F.16) 

6=1 c=l 

For the fundamental representation [Cr — Cp) of SU (N) it gives: 

N^-l N 2_-, 



^ 1 

(rW)., = E^W, = (F.18) 
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Tr (T""^ T"'^ T"^ T""^ ) 

i r „„„„„ 1 



^01020304 — ij^j,^airpa2ij^a3rpai'\^ ij^j,^airpa3rpa2ij^a\'\^ _ 

j^^^aio-ij ^a2a3j ^0203^^0104^'^ 

^0102030405 _ rp^^airpa2'J^azrpaArpa5\^ 'J^j.^a5rpaArpazrpa2'J^ai\^ _ 

^£0i02n ^^030405n ja3a4rK.g05nm^ _j_ ^^oiosn ^^02040571 ^a2a4m ^asnm^ | 

^^0203n ^^0i0405n ^0i06mj04nm^ _j_ ^-^a4a5" ^^01020371 £a2a3m£ainm^ 

X2 X 2 

,0:4/35010203 — /'7^0l7^02 7^a3^a4 rft 
^05^4 — (^J J J Ja5"/34 

,a4/350l026 (rpairpa2\a4 (rpb\f35 

^ ] (-^ )nji(-^ )i2j2 ~ ^hj2^i2h ~ 'J^^hjl^i232 
a=l 

Orthogonality of the Chan-Paton basis to leading order in 1/N: 

J2 TriT""' ...T''")[Tr{T^' ...T^-)]* ^ N^'-^N^ -1) 6{a}{b} + 0{1/N^)j 

ai,...a„ 

Reduction of traces: 

Tr{T''X)Tr{T''Y) = -Tr{XY) - -^Tr{X)Tr{Y) 

a=l 

^ TriT^'XT'^Y) = -Tr{X)Tr{Y) - -^Tr{XY) 

a=l 

Where X and Y are general chains of the matrices T. 

X24 
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We define 

y=^(yi-y2) , Y=^{yi + y2) , k± = k±i + k±2 (G.4) 

The variables yi and p±i are useful because of their simple boost transformations along 
the beamline: 

yi — > yi - tanh"-^(/3) , k±i — > k±i 

2/2 — > 2/2 - tanh"^(/3) , k±2 — > k±2 (G.5) 



So that, 



-tanh-^(^) , y^y (G.6) 



We define the Mandelstam variables for the protons: s,t,u. Likewise for the partons: 
s, t, u. 



We have: 



T=- = XaXb , s = 4/c^cosh^y (G.7) 



s 



2k± Y /— -Y 

— ^cosh|/e , Xh = y/re = 
v s V s 



Xa — y/re^ — — ^ coahye^ , = \/re ^ = —j^ coshye ^ {Gl 



The Mandelstam variables: 



t = -^-^^ = -2k'icoshye-y = --(1-cos^) 
2coshy ± y 2^ ^ 

u = ^ = -2A;icosht/e^ = -^(1 + cos^) (G.9) 

The following variable is useful for angular distributions analysis 

X - = (G.IO) 

1 — COS ij 



Then 



1 X 

I = — s , u — —s- 



1+X 1+X 

1 — Y 2y^/^ 

cos^ = , sin^=-^ (G.ll) 

1+X 1+X 
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The calculation of a cross section da is done by convoluting the partonic cross section 
d(T{ij — >■ kl) with the parton distribution functions of the two colliding protons: 




(G.12) 



The partonic cross section and the squared amplitude are related: 



\M{ij^kl)\^ = GiTrh 



da 

dn 



16tts 



da 
~dt 



(G.13) 



Now we discuss the dijet final state (The formalism for e.g. 7 + jet final state is similar.). 
The mass of a dijet is: 



M = ^J {En + Ej^y + {k^^ + k^^y 

The dijet cross section is: 

da Iff d^ki d^k2 

ijkl 



(G.14) 



dM^ (2 



b X 



f,{xa, M) f,{xb, M) 5\pa +Pb-ki- k2) 6{{pa + Pb)' ' M^) 8ns 



da 



(G.15) 



It will be usefuU, though, to write the cross section in terms of the variables y, Y. We can 
transform this equation by using: 



2EI 



= ^ dkl± dyi 



— = - dk2^_ dy2 



(G.16) 



s = {Pa+Pb)"^ = 4A;^cosh^7/ 



(G.17) 



S^iPa + Pb -h- k2) = S{Ea + Eb-E^- E2) 5{pa\\ + Pb\\ ' k\\i - k\\2)S{k^i + k^2) (G.18) 
and we get: 



da 
dAP 



MM / dyidy2 ^ dxadx^ x 



ijkl 




fi{xa, M) fj{x,, M) ^ 5(E, + E,-E^- E2) 5{pa\\ + Pb\\ - k\\^ - k\\2) ^ (G.19) 
4 cosh y dt 
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Using: 

5{Ea + Eb-Ei- E2) 5{pa\\ - - h'^) = 2 5{^/~sXa - Me^) 5{^/~sxb - Me-^) 

(G.20) 

we get: 

^'^ ^Mt j dy^dy, M) /.(V^e"^, M) ^ (G.21) 

ijkl ^ 



dM 2 

Using 



/r rO rVmax+Y rYmax rVmax—Y 

dyi dy2 = dY dy + dY dy (G.22) 

J J-Ymax J -(Vmax+y) Jo J ~(ymax~y) 



''0 pymax'Vy p yrnax pi/max ^ 

dy + dY 

-(ymax+Y) Jo J ~{ymax-Y) 

we finally get: 

da , , ■t-^ ^ V , ,s ^ V , ,x /" , 1 da 



ijkl 



MrY, J dY /.(x/^e^,M) /,.(y^e-^,M) J dy ^ ^ (G.23) 
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H Mathematical functions 

References: [02 E31 El EH EDI ES] • 

We review the properties of the mathematical functions which appear in this work. 

H.l Gamma function and Pochammer symbol 

The gamma function is 

poo 

T{a) = dx x^-^e-"" (H.l) 
Jo 

It satisfies the following properties 

r(a + 1) = a! , if a = integer (H.2) 

T{a+l)=aT{a) (H.3) 

T{a + n) = a{a + 1) . . . {a + n - l)T{a) (H.4) 

T(a)T(l-a) = (H.5) 
smvra 

T(a)T(-a) = (H.6) 
asmna 

There is a simple pole at each non-positive integer: 

r(a) ^ (H.7) 

^ ' a + n n\ ^ ^ 

Stirling's formula is: 

-a\a r 1 



r(a + 1) ^ f- 



for a » 1. (R.8) 



Hence besides having poles, r(a) diverges extremely fast for large values of a. 
Gauss multiplication formula: 



T{na) = (27r)i(i-")n"'^-i JJ r(a + -) (H.9) 



n 

k=0 
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The Pochammer symbol (or rising factorial) is: 



^ a(a + 1) . . . (a + n - 1) = ^^^^^ (H.IO) 

r(a) 



Eq. (H.9) applied to the Pochammer symbol gives: 

mi — 1 



Where mi and m2 are integers. 

The Pochammer symbol satisfies: 

{a + h)n = Y,(''\a)n-Ab)p (H.12) 
p=o V P / 



\ ^ I m \ I n 



P / \ P 



a)m{a)n = y A I P^- (H.13) 



H.2 Beta function 

The Beta function is: 



B{a,b)^ I dxx'^-\l-xr' = ^^P^ (H.14) 
Jo r(a + b) 

It satisfies the following properties 

B{a,b) = B{b,a) (H.15) 

5(a+ 1,6) = ^^5(a,6) (H.16) 
a + b 

B{a + l,b) + B{a,b+1) = B{a,b) (H.17) 

The singularities of B{a,b) are: 

1 (-1)" 

B(a, b) ^ ^ — -^(a - l)(a - 2) • • ■ (a - n) , for 6 ^ -n. (H.18) 

+ n n! 

B[a, b) has the remarkable property of being the sum of its singularities: 

°° 1 f— 11" 

B(a, 6) = V ^ ^-^(a - l)(a - 2) ■ ■ ■ (a - n) , for i?e(a) > 0. (H.19) 



b + n n\ 

n=0 
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Proof : The sum on the right hand side reproduces all of the singularities of B{a,b), so 
that it can differ from it only by an entire function of b. It is seen that the sum on the RHS 
vanishes at |6| — )■ oo, and the LHS does too. Thus the entire function must also vanish at 
this limit. The only asymptotically vanishing entire function is 0, therefore the two sides are 
equal. 

At small values: 

B(a,b) ^ , for a,b « 1. (H.20) 

ab 

Two limits for large values: 

B{a,b) ^ a^^ , for a » I, b = const. (H.21) 



and 



Where 



B{a,ea) ^ e-^^'^" , for a » 1. (H.22) 



/(^) = elne + (l-e)ln(l-e) (H.23) 

The first is a polynomial divergence (for a > 0, 6 < 0). The second is an exponential 
vanishing. 

H.3 Stirling numbers 



Abramowitz and Stegun [59] define the Stirling numbers of the first kind through the expan- 
sion of the falling factorial. 



x{x-l)---{x-l + n) = ^2^^^^"" (H.24) 

m=0 

Since the rising factorial (Pochammer symbol) is related to the falling factorial through: 

x{x-l)---{x-l + n) = , (H.25) 
the expansion for the Pochammer symbol will be: 

n 

= ^(-1)"-'" S^^^ x"" (H.26) 



[X)n = 

m=0 
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Another generating function for the Stirhng numbers is: 

{\n{l + x))"' ^ m\J2 ' kl < 1 ■ (H.27) 



Special values: 

Sl^^^5o,n , 5W^(_l)n-l (H.28) 



SlC-'^ = -{ ) , 5^") = 1 (H.29) 



An explicit form for the Stirling numbers is: 

m, k 



k=op^ \n-m + k/ \n-m-k/\p/ 

The Stirling numbers satisfy the following relations: 

^Sl = S^rT-'^ - nS'ir^ (H.31) 



= E ( " ) ^2. 4"^-'"^ (H.32) 



E-^^^ = (H.33) 

m=l 



^^_;^^n-m^M ^ ^! (H.34) 
m=0 



E CV^^'-"^ = -^f^ (H.35) 

k=m 
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H.4 Hypergeometric functions 

The generalized hypergeometric function is: 



F 

p-t q 



ai,a2...ap 
b\,b2...bq 



E 

fc=0 



(Qi)fc(a2)fc---(Qp)fc ^ 
{hi)k{h2)k- ■ ■{bq)k k\ 



Where (a)„ is the Pochammer symbol. 
The function 



ai,a2---ap+i 
bi,b2---bp 



obeys the differrential equation 



Where 



dx 



In particular, the first hypergeometric function 



2F1 



a,b 



: X 



obeys: 

z{l - z)y" + [c- {a + b + l)z] y' - aby = 
Gauss's hypergeometric theorem is: 

T{c)T{c-a-b) 



2F1 



a.b 



r{c-a)T{c-b) 



A recursion relation: 



p+lFq+l 



di ,...ap,c 



T{c)T{d-c) 



[ dtt^-\l - tY-''-\Fq 

Jo 



bi,...bq 



tx 



(H.36) 



(H.37) 



+ 61 - 1) • • • (i? + 6p - 1) - X ^-d + ai-l) ■■■(■& + ap+i)] y = (H.38) 



(H.39) 



(H.40) 



(H.41) 



(H.42) 



(H.43) 
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H.5 Jacobi polynomials 

The Jacobi polynomials are: 

+ (^'-- + /^)' V ^ (x - 1)'-' (x + lY 

2^ ^ p\ {k + a-p)\ {l3+p)\ {k-p)\ ^ ^ 

(H.44) 

They are solutions of the following differential equation: 

(1 - x^)y" +[/3-a-{a + /3 + 2)x]y' + n{n + a + /3 + l)y = (H.45) 

These polynomials are orthogonal in the following sense: 

2"+^+^ (fc + g)! + 
2k + a + /3 + l k\ {k + a + P)\ ''^ 

(H.46) 



dx P^'''^\x)P^''''^\x){l - + xf = 



They satisfy the recursion relations: 

(2A; + + a + /3 + 1)(2A; + a + /3) Pi+f (x) = 
(2A; + a + ^ + 1)(q;' - + (2A; + a + ^)(2A; + a + ^ + 1)(2A; + a + ^5 + 2)x] Pt''^\x) 

-2{k + a){k + /3){2k + a + /3 + 2) P^^f (x) 

(H.47) 

Special values: 

pf^^)(.^l)^M (H.48) 

= (-1)^= '"H^) (H.49) 

Pf°)(x) = P,(x) (H.50) 
Where Pk{x) are the Legendre polynomials. 
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The Jacobi polynomials will be used to express the Wigner d functions, and we will have 



X = cos 6. The expansion Eq. (H.44) contains powers of 
would prefer having only powers u though. Reference 
terms of i: 



±^ = -f and of ^ = -|. We 
gives the following expansion in 



T{a + k + l) 
k\T{a + (3 + k + l) 



p=0 



k\ T{a + (3 + k+p+l) /x-l 



V 



r(a+p+l) 



We transform this to an expression with u by using Eq. (H.49): 



X] 



k\V{a + P + k + l) 



p=0 



k\ T{a + (3 + k + p + l) (-{x + l)y 



P 



r(/3 + p + l) 



(-1)'= r{/3 + k + i) 



k\ T{a + /3 + k + l)^^ \ p 
Which can be written as: 



k\ T{a + P + k + p+1) f u 

s 



r(/3 + p+i) 



p, 



U 



(-1)^ + 
k\ {a + (3 + k)\ 



E 

p=0 



k \ {a + f3 + k + py. 
p J sP 



(H.51) 



(H.52) 



(H.53) 
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I Wigner ti-functions 



In order to deal with collider phenomenology of particles with spin, it is necessary to get ac- 
quainted with the Wigner d-functions. These can be viewed as generalizations of the Legendre 



functions, see Eq. (1.8) 



I.l Review 

References: [SZl EHl El EDI ED E2| • 

We review here properties of the Wigner d-functions. 

The rotation matrix is: 

Where a, /3, 7 are the Euler angles. 

Acting with R on an angular momentum state \Jm)., gives a linear combination of states 
with different m: 

R\Jm) = Y,Di',m{oih)\Jm') (1.2) 

m' 

For integral J = I this takes the form 

YUOA) = 5^I^L^„^M7)>^m'(^',0') (1-3) 



We isolate -0^',™ operating with {Jm'\ on Eq. (1.2) 



e-i"^'»{Jm'\e-'^-^y\Jm)e-''^^ = e-^'"'"d;^,^^(/3)e-^"^" (1.4) 
In the last line we defined: 

di',„^W) = {Jm'\e-^^'y\Jm) (1.5) 
From now we will use 6 instead of /3 as the argument of d. The rf's satisfy: 

d'L',m{^) = (-1)"""™ '^m,m'(^) = di^ _^,{9) = d-^„^,{-9) (1.6) 

di'J7,-e) = {-iy+-'di,_^ie) (1.7) 
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A special case: 

d'jAe) = (cos 

Orthogonality: 



2, 



This is equivalent to the orthogonality of the Jacobi polynomials Eq. (H.46) 



A 

The (i's satisfy the following recursion relations: 
2(mcose -m') d^^,^^ = 
^/{J -m){J + m + 1) sin 61 + a/( J - m')( J + m' + 1) sin 61 c?;^, ^ 



(m - m') cot - di,^^ 



^/{J + m){J -m + 1) di, ^_^ + ^/{J + m'){J - m' + 1) di,_^ . 



VJ-m + 1 cos ^ c?;^l!02,™_i/2 + vOTT^^ sin ^ c?;^l!02,„+i/2 



a/ J + m' + 1 



m' ,rra 



-VJ-m + 1 sin ^ + VJ + m + 1 cos ^ f^;lt+02,^+i/2 
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VJ + m' dL. 



e 



^J + m cos ^ rf;^/02,m-l/2 



V J - m sm - c?^, 4/2,^+1/2 



J — m' di., . 



e 



VJ + m sin^ rfLlCo^^irt + VJ-m cos - rf;^,+f/2„ 



2 m'+l/2,m-l/2 



2 m'+l/2,m+l/2 



The following explicit form is useful for calculating the ci's. We used this equat 
calculate the Tables in section 11.31 



2J+m-m'-2p 



[sm{9/2)] 



m' —m+2p 



Where, 

A = ^J{J + m')\ (J-m')! (J + m)! (J-m)! 

^ ( J + m — p)! p! (m' — m + p)! (J — m' — p)\ 
Or alternatively in terms of u and t: 

r 



J J.^ _ V 1)"' 4 \^ D „'■, J+m/2-m72-p £m72-m/2+p 



1.2 (i-functions and Jacobi polynomials 

In this section we express the d-functions in terms of Jacobi polynomials. 
A given (i-function is some factor times a Jacobi polynomial: 



di,M = [cos(^^/2)]™ [sin(^/2)]— P 



m' Y}[m—m', m+'m) 



J~m 



COS I 



Where 



(J + m)! (J-m)! 
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Compare with Eq. (1.18). We can understand the factor in front of the Jacobi polynomial 



from Eqs. (H.46) and (1. 10): it is the "weight function" under which the polynomials are 



orthogonal. The normalization is the same as for the Legendre polynomials which are 
the special cases Pi^'^"*. 

Writing this in terms of u and i instead of 9 gives: 



di,^{u,i) = pjm-m', m+m') 



(1.23) 



Eq. (H.53) gives: 



p{m-m', m+m')/-\ 
^J-m I "J 



\ J—m 



(J + m')! 



(J - m)\ (J + m)\ 



J—m 

E 

p=0 



J — m 
P 



{J + m + p)\ 
[m + m' + p)\ sP 



We write this equation in shorthand notation: 



p(m-m', m,+m')/-\ 
^J-m I "J 



J—m 



/ ^ m,m' 
p=0 



We will use the coefficient of the highest power in the sum: 

.iJ-m) ^ (-1)-^- (2J)! 

(J-m)! (J + m)! s-^-"^ 

Notice that this coefficient is independent of m' . 

Thus the 5 combinations for m and m! can be written as: 



(1.24) 



(1.25) 



(1.26) 



dUO) = P) 



(1.27) 



1 — cos \ 2 



P 



(4, 0) 



J-2 



i_ p(4, 0) 
^2 0-2 



(1.25 



4-1 W 



J + 2 sin6'(l - cos( 



J- 1 



P 



(3, 1) 



J-2 



^ 1 



J -I 



J-2 



(1.29) 



4/2,1/2 (^) 



1/2 



p 



(0, 1) 



1/2 J-1/2 



(1.30) 
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^3/2 -3/2 (^) 



sm 



9\ /I - cos^ 



P 



(3, 0) 



^3/2 



P 



(3, 0) 



J-3/2 1/2 J-3/2 



From Eq. (1.24), the power expansions of the 5 Jacobi polynomials are: 



pr\u) 



{j+p)\ 



p=0 



{J -p)\ SP 



(1.31) 



(1.32) 



(_l)J(j_2)!^ (J + p + 2)! 



(J + 2)! {J-p-2)\ sP 



(1.33) 



pj!:J)(^) 



J- 2 



(J + p + 2)! 



J( J + l)( J + 2) ^ (p + 1)! p! ( J - p - 2)!sf 



(1.34) 



J-l/2 

.1)^-V2 ^ 

p=0 



(J + p + 1/2)! 



p\ {p+l)\{J -p-l/2)\ sP 



(1.35) 



(-1) 



J-3/2 



J-3/2 



(J + p + 3/2)! 



(J-l/2)(J+l/2)(J + 3/2) ^ p!2 (j-p-3/2)!s^' 



(1.36) 



1.3 Tables 



From Eq. (1.18) we calculated some d's. For each combination of m and m', we calculated up 



to the fifth J. Since there are 5 combinations of m and m', there are 5 tables each containing 
5 d's. We used MATHEMATICA. 
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- 1 

"0,0 ~ 

^0,0 ~ ^ 
"^0,0 = i COS^ ^ - I COS ^ 

= 1(35 cos^ ^ - 30 cos2 ^ + 3) 
Table 11: di^^iO) 





j2 l-cos 0^2 

"2,-2 ~ V 2 / 




"2,-2 


= (1-^2°"^)^ [3 COS ^ + 2] 




^^t-2 = 


ii+oo^ey [7cos2^ + 7cos^ + l] 




^5 _ ,'1+cose 
"2,-2 ~ I 2 


f [15 cos^ ^ + 18 cos^ ^ + 3 cos ^ - 


-1] 


j6 ^l+cos6'^2 [495 
"2,-2 — I 2 ^ L 16 


COS^^+^COS^^ + f COs2^-f 


cos^-g 



Table 12: di_^{e) 





1 = 2(^-7^) sin^ 




d\ 


1 = ^ ) sin ^ [3 cos ^ + l] 




4-1 = 


^{^-"^'^sine [l4cos2^ + 7cos^ l] 




"2,-1 — 2 ^ 


^-7^^)sin^ [l5cos3^ + 9cos2^ 3cos^ 


-1] 


j6 /5/I-COS6 
"2-1- Y2I 4 


) sin e [ cos^ e + f cos=^ e 9 cos^ ^ ^ 


cose+ I] 



Table 13: 4_i(^) 
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^1/2,1/2 = 

'^1/2 1/2 ~ \cos9/2 [3cos^^ — l] 
4/2,1/2 = \ COS 9/2 [5 cos^ 9-2cos9-l] 
4/2,1/2 = I COS 9/2 [35cos^^-15cos2^-15cos^ + 3] 

4/2,1/2 = COS e/2 [f COS^ e - I COs3 ^ - ^ COS^ ^ + | COS ^ + |] 

Table 14: dj'/.^./^l^) 





4/2,-3/2 = (^)sin^/2 




4/2,-3/2 = |(^)sin^/2 [5 COS ^ + 3] 


"3/2,- 


3/2 = 4(^"2°'^)sin^/2 [21cos2^ + 18cos^ + 1] 


"3/2, 


3/2 = 2(^~2°'^)si"^/2 [21cos=^e + 21cos2 2] 


"3/2,-3/2 V 


^2°' ^ ) sin ^/2 [If cQg4 ^ ^ 45 ^Qg3 Q 9 ^Qg2 ^ n ^ 3 j 



Table 15: ci3^/2,_3/2(^) 
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J Tables of the coefficients C^' , 

The following tables result from the calculation of the coefficients C^'^^,, by approach 1 of 
section 16.3.11 



n = 1 


n = 2 


n = 3 


1 


u+1 


(n + l)(u + 2) 


1 


— cos 6 


|(9cos2^- 1) 


"o,o 


"o,o 


^[3(^5 Q + c/q q] 



Table 16: C, 



n = 4 


n = 5 


(m + 1)(m + 2)(m + 3) 


(m + 1)(m + 2)(m + 3)(m + 4) 


-8cos3^ + 2cos^ 


^ (625 cos^ 9 - 250 cos^ ^ + 9) 




125 j4 1 250 j2 , 19 jO 
14 "0,0 ' 21 0,0 ' 6 0,0 



Table 17: C, 





J = 


1 


2 


3 


4 


n = 1 


1 










2 





-1 








3 


1 

2 





3 
2 






4 





-14 
5 





-16 
5 




5 


19 
6 





250 
21 





125 
14 



Table 18: collection of Cqq 's 
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n = 1 


n = 2 


n = 3 


P 


i {u+i) 


g (^ + l)(^ + 2) 


^ 1— cos9~j2 


{^-°-'f [ cose] 


('"2"')' [KScos^e 1)] 


"2,-2 


1 [ _ dl_^ + 2dl_,] 


4 [1*^2,-2 ~ 3(^2,-2 "1" y ^2,-2] 



Table 19: C2"; 



n = 4 




P 


(m + 1)(m + 2)(m + 3) 




/ 1 — COS 


By 


"-8cos3 + 2cose] 




V 2 




2[- 


15^2 - 


2 + 


24^4 _ j3 , 22 r2 1 
35 "2,-2 "2,-2 21 2,-2j 



Table 20: C2"' 



n 



(m + 1)(u + 2)(m + 3)(m + 4) 



' 1— cost 



125 j6 
99 "2,-2 



(625 cos^ e - 250 cos^ 9 + 9)" 



1375 ^5 1 125 j4 _ 125 ^3 
396 "2,-2 "T 22 "2,-2 18 "2,-2 



36 



Table 21: C 



n,J 
2,-2 





J = 2 


3 


4 


5 


6 


n = 1 


1 










2 


2 
3 


-1 

3 








3 


13 
14 


-3 
4 


9 

28 






4 


44 
21 


-2 


48 
35 


-8 
15 




5 


239 
36 


-125 
18 


125 
22 


-1375 
396 


125 
99 



Table 22: Collection of C2'_2's 
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n = 1 


n = 2 


n = 3 


T^-~L 

tail's 


^ (u + l) 


^ (^ + l)(^ + 2) 


/ 1— cos \ sin 9 
V 2 / 2 


^1-cos easing [ pQg^] 


^l-cos9)sine Q(9cos2^ 1)] 


2"2,-l 


~M\/l^2-l - C?2-l] 


M^'^2,-1 "~ l'\/i'^2,-l + 1*^2,-1] 



Table 23: C2";. 



n 



.a 1 



(n + l)(n + 2)(M + 3) 



' 1— cos 9 \ sin f 
2 / 2 



8cos3^ + 2cos^ 



16 



15v^ 



j5 I 12v^ j4 _ 22/2^3 I _5_ j2 
"2,-1 "t- 35 "2,-1 3^"2,-l "T 21 "2,-1 



Table 24: C 



n,J 
2,-1 



n = 5 




+ 1)(m + 2)(u 


+ 3)(n + 4) 




/ 1— cos g N sin 9 
V 2 / 2 L 


^(625cos^^- 


- 250 cos^ e + 9) 




[2 625 M 125 2 ^5 
Y 5 396"2,-l 72 ^"2, 


1 625, /^j4 
-1 616 ^ ^"2,- 


[2 12b j3 
-1 Y 5 72 "2,-1 


I 596 j2 
+ 63 "2,-1 



Table 25: 





J = 2 


3 


4 


5 


6 


77, = 1 


1 
2 










2 


1 

6 


-V8 
6v^ 








3 


1 
7 


-3v^ 
8v^ 


9V2 
56 






4 


5 

21 


-2y/2 

3v^ 


12v^ 
35 


-16 
15v^ 




5 


596 


-125^2 


625 /2 
616^ 


-125 2 


625^2 


63 


72^5 


72 V7 


396 



Table 26: Collection of CgLi's 
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n = 1 


n = 2 


n = 3 


1 

U2 
1 


f (^i + 1) 


^ (m + 1)(u + 2) 

si 


COS 1 


COS 1 [— COS 


cosf [i(9cos2^- 1)] 


"l/2,l/2 


_ir2c/3/2 , W2 1 
3 L^"l/2,l/2 ^ "l/2,l/2j 


, 3^3/2 1 ,1/2 
10 1/2,1/2 ^ 5 1/2,1/2 ^ 2"l/2,l/2 



Table 27: 

2 ' 2 



n = 4 



^ (u + 1)(u + 2)(m + 3) 



cos f [-8 cos^ + 2 cos 6] 



35 L"^^"l/2,l/2 ^ ^^"l/2,l/2 ^ 3 "l/2,l/2 ^ 3 "l/2,l/2j 



Table 28: C^i 

2 ' 2 



as 
1 

S2 



(m + 1)(m + 2)(m + 3)(m + 4) 



cos f []^(625 cos^ e - 250 cos^ + 9) 



250 //2 



625 j9/2 
126 1/2,1/2 



450^5/2 



100 ^3/2 



63 "1/2,1/2 63 "1/2,1/2 21 "l/2,l/2 



19 jl/2 

6 1/2,1/2 



Table 29: CTi 







3 
2 


5 
2 


7 
2 


9 
2 


n = 1 


1 










2 


-1 

3 


-2 
3 








3 


1 
2 


3 
5 


9 
10 






4 


-14 
15 


-28 
15 


-48 
35 


-64 
35 




5 


19 
6 


100 
21 


450 
63 


250 
63 


625 
126 



Table 30: Collection of Ci'i's 

2 '2 
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n = 1 


n = 2 


n = 3 




t2 
3 


^ (^ + 1) 


^ (n + l)(u + 2) 


(1-^2°^^) sin 1 


(1-^2°''^) sin f [ cos^] 


(1-^2°'^) sin f Q(9cos2e 1)] 


3/2,-3/2 


5 L^"3/2,-3/2 '-'"3/2,-3/2j 


3 j7/2 27 j5/2 4 j3/2 

7 3/2,-3/2 35 3/2,-3/2 5 3/2,-3/2 



Table 31: Cs'_3 
2 ' 2 





n = 


4 






^ (W + 1)(W 

S2 


+ 2)(m + 3) 






(^-™^^)sin^ [ 8 


cos^ + 2 cos t 




16 j9/2 
21 3/2,- 


-3/2 ^ 21 3/2,-3/2 


204 j5/2 

105 "3/2,-3/2 


62 j3/2 

35 3/2,-3/2 




Table 32 


'-'3 3 
2 ' 2 





t2 



s2 



(m + 1)(m + 2)(u + 3)(72 + 4) 



' 1 — cos i 



sm 



(625 cos^ ^ - 250 cos^ ^ + 9) 



66 "3/2,-3/2 154"3/2,-3/2 ^ 21 "3/2,-3/2 42 "3/2,-3/2 ^ 42 "3/2,-3/2 



Table 33: C 



n,J 
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J - 5 

2 


5 
2 


7 
2 


9 
2 


11 
2 


n = 1 


1 










2 


3 
5 


-2 
5 








3 


4 
5 


-27 
35 


3 
7 






4 


62 
35 


-204 
105 


32 
21 


-16 
21 




5 


233 
42 


-275 
42 


125 
21 


-625 
154 


125 
66 



Table 34: Collection of Cs' a's 

2 ' 2 
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Most of the drawings were created using the program JaxoDraw |85l 
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